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Abstract

The definition of basis in the study of vector space is very antagonistic. As a result
of that, one might look for a prominent substitute. Frames are such a notion, as
the linear independence between the frame elements is not required. Further, the
additional degree of freedom coming from the structure of C*-algebra A enriches
the theory of frames in Hilbert C*-modules. This thesis aims to introduce various
notions of frame theory in Hilbert C*-modules as they are the subjects of the recent
study. We also introduced the notion of a regular k-distance frame in Hilbert space.
The thesis is planned to be organized into six chapters, along with the introductory
and literature survey chapter and a chapter for conclusions and the scope of
future research. Chapter 1 of the thesis is the introductory chapter, where a brief
introduction of frame theory in Hilbert space as well as in Hilbert C*-module has
been discussed. The interest in taking the particular research problem has been
outlined. A concise but sufficient literature survey has been presented. In Chapter
2, we introduced the concept of a regular k-distance frame in Hilbert space as well
as focused on k-distance tight frames for the underlying space. We have introduced
the definition of dual frames for a regular k-distance set. Finally, the perturbation
result for regular k-distance frames is established. The objective of Chapter 3 is to
introduce woven g-frames in Hilbert C*-modules and to develop its fundamental
properties. This study establishes sufficient conditions under which two g-frames
possess weaving properties. We also investigated the sufficient conditions under
which a family of g-frames includes weaving properties. Chapter 4 is concerned
with weaving K-frames in Hilbert C*-module. We introduced the concept of
weaving K-frames and defined an atomic system for weaving K-frames in Hilbert

C*-module. We studied weaving K-frames in this chapter from the operator



theoretic approach. Moreover, we gave an equivalent definition for weaving K-
frames. In Chapter 5, we introduced the notion of a controlled K-frame in Hilbert
C*-modules. We established the equivalent condition for controlled K-frame in
Hilbert C*-modules. We investigated some operator theoretic characterizations of
controlled K-frames and controlled Bessel sequences. Moreover, we established the
relationship between the K-frames and controlled K-frames. We also investigated
the invariance of a C-controlled K-frame under a suitable map T. At last, we
proved a perturbation result for controlled K-frame in Hilbert C*-modules.

An equivalent definition is much easier to apply and permits us to study the various
types of frames from the operator theory point of view. The multiple notions of
frame theory developed in this thesis will draw the attention of researchers to work
in this area. At last, in Chapter 6, we summarize all the work that has been done

so far and feature the potential avenues for the future scope of research.

Motivation and Objective of the Thesis

In a vector space, a set of vectors is referred to as a basis if every element in the
underlying space can be expressed in terms of a finite linear combination of the
basis vectors uniquely. The definition of basis in the study of vector space is very
antagonistic. As a result of that, one might look for a prominent substitute. Frames
are such a notion as the linear independence between the frame elements is not
required. In addition to that, the additional degree of freedom coming from the
structure of C*-algebra A enriches the theory of frames in Hilbert C*-modules.

We intend to see whether the results of frame theory in Hilbert spaces hold for
frame theory in Hilbert C*-modules and, if not, then to study what modifications
we need. In Chapter 2, we investigated the concept of a regular k-distance frame
in Hilbert space which is the extension of a regular two-distance frame in Hilbert
space. A regular two-distance frame is a particular type category of frame which
has some nice properties. Motivated by this, we studied regular k-distance frames,
in particular, regular tight k-distance frames in Hilbert space. Tight frames are those
in which the lower and upper frame bounds are equal. Tight frames play a key role

in wide applications as tight frames look like a more natural way to reconstruct

Vi



vectors. Tight frames are closest to orthonormal bases as they are a redundant set
of vectors and have properties like basis. In Chapter 3 and Chapter 4, we studied
the concept of woven frames in Hilbert C*-modules. Recently many people got
significant results in frame theory by generalizing the results which are present in
Hilbert space to Hilbert C*-modules. The concept of weaving frames is applicable
in wireless sensor networks that require distributed processing under different
frames, as well as pre-processing of signals using Gabor frames. Generalized
frames (or g-frames) include standard frames, bounded invertible linear operators,
and many recent generalizations of frames. g-frames in Hilbert C*-modules interest
many useful properties with their comparable tools in Hilbert space. As we know,
K-frames and standard frames diverge in many aspects; we introduce the concept
of weaving K-frames and define an atomic system for weaving K-frames in Hilbert
C*-modules. As it is easier to work, we gave an equivalent definition for weaving
K-frames and characterized weaving K-frames from the operator theory point of
view. In Chapter 5, we introduced the notion of controlled K-frames in Hilbert C*-
modules. Controlled frames have been an area of interest because of their expertise
in improving the numerical efficiency of iterative algorithms for inverting the

frame operator.
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CHAPTER 1

Introduction

For a Hilbert space H, the Plancherel equality states that

;|<f,ek>| = |IfII>, V f € H. (1.1)

Each orthonormal basis {¢; } for a Hilbert space H satisfies the Plancherel equality.
However, to satisfy the Plancherel equality, a sequence may not be orthonormal
or a basis. A sequence that satisfies the Plancherel equality is called a Parseval
frame; the definition of a frame in Hilbert space H enforces a weak requirement.
Also, the basis is one of the important concepts in the field of vector spaces. The
set of vectors { fi} -, in a Hilbert space H forms a basis if {fi};> ; spans H and

also linearly independent. Every f € H can be represented as

f= ickfk- (1.2)
P

The coefficient ¢, are uniquely determined.

The condition of linear independence is very restrictive; thus, one might look
for an alternative tool. Frames are such a notion that provides liberty in linear
independence. A frame also allows every vector in the space to be written as in
equation (1.2), but the corresponding coefficients are not necessarily unique.

We begin with the definition of frame in Hilbert space H.

Definition 1.1. A sequence { fi }3 , of elements in Hilbert space H is a frame for H if



there exist constants A, B > 0 such that

AllfI1? < ki (F f)2 < BIFI2 V f € H. (13)
=1

The constants A and B are called lower and upper frame bounds, respectively. The
optimal upper frame bound is the infimum over all upper frame bounds and the
optimal lower frame bound is the supremum over all lower frame bounds.

Gabor [32] carried out a method in 1946 to analyze the information conveyed
and its transmission by different communication channels such as speech, teleg-
raphy, telephony, radio, or television. In 1952, Duffin and Schaeffer [23] formally
introduced frames in Hilbert spaces while studying the non-harmonic Fourier se-
ries. Duffin and Schaeffer extracted Gabor’s method to define the notion of frames
for a Hilbert space. As the linear independence between the frame elements is not
required, they can be viewed as more relaxed substitutes of bases in Hilbert spaces.
The subject does not grab the attention of people for quite some time. It took
almost three decades to realize the potential of the frame theory. In 1980, Robert
M. Young [56] wrote an introductory book entirely devoted to the non-harmonic
Fourier series. As the wavelet era began in 1985, Daubechies, Grossmann, and
Meyer [22] reintroduced and developed the theory of frames in 1986. After this
revolutionary work, frame theory started getting the attention of the community
because it plays as a central tool in many applied areas like signal processing [30],
coding and communications [52], image processing [11], time-frequency analysis,
sampling theory[24, 25], data compression, numerical analysis, wavelet theory,
filter theory [10]. Moment, indeed more applications of the frame theory are being
found, such as signal detection, compressive sensing, data analysis, optics, and
numerous other areas.
Frame theory still has plenty of open fundamental problems from various advanced
tields, like Gabor frames or Weyl-Heisenberg frames, related to a dynamical sam-
pling in a Hilbert space H. The problem of finding good estimates for the lower
frame bound for a finite collection of exponentials in L2(—, 77).

Fusion frame is a generalization of frames that Cassaza and Kutyniok [14]

introduced in 2003 and investigated in [2, 15, 44, 46]. The purpose of introducing
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a fusion frame or frame of subspace comes from signal processing, to be more
specific, the ambition of accurately processing and analyzing huge data sets. Fu-
sion frames have wide applications in distributed sensing, parallel processing,
packet encoding, and so on. Perturbation theorems for frames in Hilbert space are
essential and valuable tools to construct new frames near the given one. Over the
last decade, numerous researchers have generalized the Paley-Wiener perturbation
theorem to the perturbation of frames in Hilbert spaces (see [3], [18], [20], [19]).
Casazza and Christensen [18] attained the most general result of these.
Equiangular tight frames (ETFs) are helpful for signal reconstruction when all the
phase information is lost [8]. Strohmer and Heath [52] and Holmes and Paulsen [39]
initiated the study of equiangular tight frames. In particular, [39] studied frames
from the viewpoint of coding theory and found that equiangular tight frames give
error-correcting codes that are robust against two erasures. Latterly equiangular
tight frames (ETFs) are generalized to two-distance tight frames. Equiangular tight
frames (ETFs) are an essential class of finite-dimensional frames. Barg et al. [5] in
2015 characterized finite tight frames, which are also of two-distance sets. Finite
tight frames are the most spontaneous generalization of orthonormal bases. In [17],
authors deeply study regular two-distance sets. They presented various properties
of these sets as well as focused on the case where they form tight frames for the
underlying space. They discussed some constructions of regular two-distance
sets, in particular, two-distance tight frames. Tight frames play a crucial part in
wide operations as they look like a more natural way to reconstruct vectors. Tight
frames are closest to orthonormal bases as they are a spare set of vectors and have
properties like basis.

Feichtinger and Werther [29] presented a family of analysis and synthesis systems
with frame-like properties for the closed subspaces of a separable Hilbert space.
The motivation for the definition of atomic system (or local atoms) is based on
examples from sampling theory [28]. The atomic system (or local atoms) is capable
of generating a proper subspace, although they do not belong to them. Li and
Ogawa [48] proposed the family of local atoms for a closed subspace of Hilbert
space called pseudo-frame. In 2012, L.Gavruta [33] introduced the notion of K-



frames in Hilbert space to study the atomic systems with respect to a bounded
linear operator K, which advance the results of Feichtinger and Werther. In this, a
generalization of frames is discussed, which allows to reconstruct elements from
the range of a linear and bounded operator in a Hilbert space.

Controlled frames in Hilbert spaces have been introduced by P.Balazs [4] to im-
prove the numerical effectiveness of iterative algorithms for flipping the frame
operator. In 2005, controlled frames were used as a tool for spherical wavelets [9].
In 2016, Hua and Huang [40] introduced a controlled K — g-frame and proposed
several methods to construct controlled K — g-frames. In 1977, Coifman and Weiss
[21] introduced the concept of atomic decomposition for function spaces, the H?
spaces. After that, Feichtinger and Grochenig [27] extended this idea to Banach
spaces. Grochenig [35] introduced a more general notion of Banach frames for
Banach spaces and called them atomic decompositions. Casazza, Han, and Larson
[13] also studied atomic decompositions and Banach frames for Banach spaces.
Lately, several generalizations of frames in Banach spaces have been introduced
and studied. Han and Larson [38] defined a Schauder frame for a Banach space E
to be an inner direct summand (i.e., a compression) of a Schauder basis of E. Frame
theory plays a vital part in the study of Besov spaces in Banach’s space theory.

In recent times, numerous mathematicians got significant results by generaliz-
ing the frame theory in Hilbert spaces to frame theory in Hilbert C*-modules which
enrich the theory of frames. Hilbert C*-modules are generalizations of Hilbert
spaces by allowing the inner product to take values in a C*-algebra rather than
in the field of real or complex numbers. They were introduced and investigated
originally by Kaplansky [42]. Frank and Larson [31] defined the concept of stan-
dard frames in finitely or countably generated Hilbert C*-modules over a unital
C*-algebra. For further details of frames in Hilbert C*-modules, one may relate to
Doctoral Dissertation [41], Han et al. [37] and Han et al. [36].

In [31], authors proved that every countably generated Hilbert module over a
unital C*-algebra admits frames by using Kasparov’s stabilization theorem.
Paschke [50] defined pre-Hilbert B-modules without the restriction that B be

commutative in an analogous way as I. Kaplansky’s "C*-modules" [43]. Later,



Kasparov’s stabilization theorem and work done by Paschke in [50] turn out to
be a provocation for frames in Hilbert C*-modules. In [49], Najati et al. intro-
duced the concepts of the atomic system for operators and K-frames in Hilbert
C*-modules. Rashidi and Rahimi [51] introduced controlled frames in Hilbert
C*-modules and showed that they share various beneficial properties with their
corresponding notions in a Hilbert space. The notion of weaving frames in Hilbert
space was introduced in [6] and investigated in [12, 16]. The concept of weaving
frames is partially motivated by preprocessing of Gabor frames and has potential
applications in wireless sensor networks that require distributed processing under
different frames, as well as preprocessing of signals using Gabor frames. In 2018,
Deepshikha and Lalit K. Vashisht [55] studied the weaving properties of K-frames
in Hilbert space. They presented necessary and sufficient conditions for weaving
K-frames in Hilbert spaces and sufficient conditions for Paley—Wiener type pertur-
bation of weaving K-frames. Also, it is shown that woven K-frames and weakly
woven K-frames are equivalent. Woven frames for finitely or countably generated
Hilbert C*-module were introduced and studied in [34]. Authors have investigated
some properties of woven frames and obtained some conditions on a perturbed
family of sequences. In [45], Khosravi introduced fusion frames and g-frames in
Hilbert C* modules and showed that they share many useful properties with their
corresponding notions in Hilbert space. They also generalized a perturbation result
in frame theory to g-frames in Hilbert spaces. In [45], fusion frames in Hilbert
C*-modules were introduced, and authors showed that they share many beneficial
properties with their corresponding notions in Hilbert space.

Chapter 1 of the thesis is the introductory chapter, where a brief introduction of
frame theory in Hilbert space as well as in Hilbert C*-module have been discussed.
The interest in taking the particular research problem has been outlined. A concise
but sufficient literature survey has been discussed.

In Chapter 2, we introduced the concept of regular k-distance frame in Hilbert
space. Additionally, we discussed various characteristics of regular k-distance
frames and focused on k-distance tight frames for the underlying space. We have

introduced the definition of dual frames for regular k-distance set and in support



presented example also. Finally, the perturbation result for regular k-distance
frames is established. When k-distance sets form frames and tight frames for the
space, we call them k-distance frames and k-distance tight frames, respectively.

The objective of Chapter 3 is to introduce woven g-frames in Hilbert C*-
modules, and to develop its fundamental properties. Woven frames are widely
applicable in wireless sensor networks and are induced by a problem in distributed
signal processing. g-frames provide more choices for analyzing functions from
the frame expansion coefficients. This study establishes sufficient conditions un-
der which two g-frames possess the weaving properties. We also investigated
the sufficient conditions under which a family of g-frames possesses weaving
properties.

Chapter 4 is concerned with weaving K-frames in Hilbert C*-module. As K-
frames and standard frames diverge in many aspects, we introduced the concept of
weaving K-frames and defined an atomic system for weaving K-frames in Hilbert
C*-module. In this chapter, we studied weaving K-frames from the operator
theoretic approach. Moreover, we gave an equivalent definition for weaving K-
frames and characterized weaving K-frames in terms of bounded linear operators.
We also studied that woven Bessel sequences are invariant under an adjointable
operator.

In Chapter 5 we introduced the notion of controlled K-frame in Hilbert C*-
modules. Controlled frames have been the subject of interest because of their
ability to improve the numerical efficiency of iterative algorithms for inverting the
frame operator. We established the equivalent condition for controlled K-frame in
Hilbert C*-modules. We investigate some operator theoretic characterizations of
controlled K-frames and controlled Bessel sequences. Moreover, we established the
relationship between the K-frames and controlled K-frames. We also investigated
the invariance of a C-controlled K-frame under a suitable map T. At last, we
proved a perturbation result for controlled K-frame in Hilbert C*-modules.

Finally, in Chapter 6, we summarize all the work that has been done so far and

feature the potential avenues for the future scope of research.



1.1 Frames in Hilbert space

First we recall the definition of frame in Hilbert space H.

Definition 1.2. A sequence {fi}?> | of elements in Hilbert space H is a frame for H if

there exist constants A, B > 0 such that
AllFIZ < Y K fl? < BIFIP, Y f € H. (1.4)
k=1

The constants A and B are called lower and upper frame bounds, respectively.

Definition 1.3. A sequence { fi};2_, of elements in Hilbert space H is called a Bessel
sequence for H if there exists a real constant B > 0 such that
Y [f f)? < BIfI% ¥ f € H. (1.5)
k=1
B is referred as Bessel bound for the Bessel sequence { fi}32 ;.

Definition 1.4. Assume { fi}° , is a frame for a Hilbert space H.

1. If A = B, then {fi }3> , is called a tight frame, to be precise we say that { fi };2 , is
an A-tight frame.

2. If A= B =1, {fi}>, is called a Parseval frame.

3. If {fx}poq ceases to be a frame whenever any single element is deleted from the

sequence, then { fi}7° ; is called an exact frame.

One fruitful approach to frame theory for infinite-dimensional Hilbert spaces is to
study frames in an operator theoretic approach. Suppose that { i }7° ; is a frame
for a Hilbert space H. Then we define the following operators.

The operator T: H — £2 is defined by

Tf = fl hi



is called the analysis operator.

The adjoint operator T*: ¢2 — H is obtained as

T {cktes = i Crfi-

k=1

T* is called pre-frame operator or the synthesis operator.

By composing T and T*, we obtain the frame operator S: H — H

wzﬁwzgmmm (L6)

Now we give an example of a frame in Hilbert Space.
Example 1.1. Let {ex};> , be an orthonormal basis for a Hilbert space H.

(1) By repeating each element of {ey }> | thrice we have

{fk}](;o:‘l = {61131161162/ €,€3,€3,€3,€3," " }

which is a tight frame with frame bound A = B = 3.
(2) Let

kSfk=1 1, \/z 27 \/E 27 \/g 3/ \/g 37 \/g 37

For each f € H, we have

kZ (f. fil? Zkl \f = 1.

Therefore, { fi } 2., is a Parseval frame.
Let’s state some of the important properties of S:

Proposition 1.1. Let { fi};° | be a frame with frame operator S and frame bounds A, B.
Then the following holds:

1. S is bounded, invertible, self-adjoint, and positive.



2. {STYfe ¥, is a frame with bounds B~Y, A~1. The frame operator for {S™1 i},

is S~L.
Now we give a reconstruction formula for any vector f in Hilbert space H using

the inverse frame operator. A direct calculation yields that

f=s571f = 2: R = YRS Y0 f = Y SRS V2 (1)
k=1

k=1

{(S7Yf, fr) }°, are called the frame coefficients for f € H and S~!/2 denote the
positive square root of inverse frame operator S~
Dual frames play an essential role in the reconstruction of vectors (or signals ) in

terms of frame elements.

Definition 1.5. Let { fi }° | bea frame of a Hilbert space H. We call a sequence {gy }3> ;
H a dual frame of { i } 7>, if

Z {f:8K)f
holds true for every f € H. In particular, {S™ f;.}2 , is called the canonical dual (or
standard dual) of { fi.}7>_,, where S is the frame operator of { fi } 7

We now list some characterizations of frames in Hilbert spaces from the operator

theory point of view.

Theorem 1.1. ([41]) A sequence { fi} 3, in Hilbert space H is a frame for H if and only if
T: {exhitn = ) crfi
k=1

is a well-defined mapping of £* onto H.

Theorem 1.2. ([41]) A sequence { fi } -, in Hilbert space H is a frame for H with bounds
A, B if and only if the following conditions are satisfied:

1. span{fy}2, = H;

2. The pre-frame operator T is well defined on ¢* and

AY el < IT{eek 2l < BY leel ¥ {ex}izy € (KerT)™.
k=1 k=1



1.2 Frames in Hilbert C*-modules

First we recall the notion of C*-algebra and Hilbert C* module.
Definition 1.6. A x-algebra A is an algebra with a *-structure.
x: A — A

1. (a+b)* =a*+b*

2. (ab)* = b*a*

3. (aa)* =wa*

4. (a*)* = a (Involution), for all a,b € A and any scalar o € C.
Definition 1.7. A C*-algebra is a x-unital subalgebra of B(H).

Definition 1.8. Let A be a C*-algebra. An inner product A-module is a complex vector
space H such that

(i) H is a right A-module i.e there is a bilinear map
HxA— A: (x,a) > x-a

satisfying (x -a) -b = x - (ab) and (Ax) -a = x - (Aa), and x - 1 = x, where A has a
unit 1.

(it) There is a map H x H — A: (x,y) — (x,y) satisfying

L (x,x) >

2. {x,y)" = ( ,X)

3. {ax,y) = alx,y)

4 (x+y,2) = (x,2) +(y,2)

5. (x,x) = 0ifand only if x = O (for every x,y,z € H,a € A).

Definition 1.9. A Hilbert C*-module over A is an inner product A-module with the
property that (H, || - || ) is complete with respect to the norm || x|| = ||{x, x) ||%4, where

||.]| 4 denotes the norm on A.
Note that in Hilbert C*-modules the Cauchy-Schwartz inequality is valid.

10



Proposition 1.2. Let ‘H be a Hilbert C*-module, and x,y € H, then

I ) 12 < e ) - Ky w) -

Let A be a C*-algebra and consider

(A) = {{aj}je; € A: Zaja;‘ converges in || - || 4}-
j€l

It is easy to see that ¢2(A) is a Hilbert C*-module with point wise operations with

the inner product and norm defined as

Haj} Abj})jer = Yoaib), {aj}, {bj} € (A)

j€]

Hajtljer = [ X ajall-
i€l

Definition 1.10. ([41]) Let A be a unital C*-algebra and j € | be a finite or countable

and

index set. A sequence {; }icy of elements in a Hilbert A -module H is said to be a frame

if there exist two constants C, D > 0 such that

CUf. f) < Y AL ) (v, f) <D(f.f), VfeH. (1.8)

i€l

The frame {1;} ¢ is said to be a tight frame if C = D, and is said to be Parseval or a
normalized tight frame if C = D = 1.

Suppose that {;};c; is a frame of a finitely or countably generated Hilbert C*-
module H over a unital C*-algebra .A. The operator T: H — ¢?(.A) defined by

Tf = {<f/l/’j>}je]

is called the analysis operator.

The adjoint operator T*: ¢2(A) — H is given by

T*{cj}ies = ) ci¥y-

i€l

11



T* is called pre-frame operator or the synthesis operator.

By composing T and T*, we obtain the frame operator S: H — H

Sf=TTf =Y (f, ;). (1.9)

€]

Theorem 1.3. ([31]) Let A be a unital C*-algebra, H be a finitely or countably generated
Hilbert A-module and {x;};c; be a Parseval frame (not necessarily standard orthonormal

basis) of H. Then the reconstruction formula

x =) (x,x)x;

j€]
holds for every x € H in the sense of convergence with respect to the topology that is
induced by the set of semi-norms {|f({-,-))|'/?: f € A*}. The sum converges always in

norm if and only if the frame {x;}c; is standard.
We now give an example of a frame in the Hilbert C*-module.

Example 1.2. Let £* be the unitary C*-algebra of all bounded complex-valued sequences

with the following operations
uv = {ujoj}jer, ut = {Uj}jej, , ull = max uil, Vu={ujtjej, v ={vj}je € £

Let H = Cy be the set of all sequences converging to zero. Then Cy is a Hilbert £*°-module

with {*-valued inner product
(u,0) = uo" = {uv; }jey = {u;vj}tje; Vu,v € Co.
We define {x;}c; € Co as follows:
{x]}]e] = {ell €2,¢€3,¢64,¢65, }/

where {e;} ey be the standard orthonormal basis for H.
Let x = {aq, a0, 03, 04,05, ...} € H. Then (x,x) = {a1a], aon3, azal, agny, ....}. Here

partial ordering ' <' means pointwise comparision.

12



Now, for the upper bound, we have

Y (0, x)(xj,x) = (x,e1)(e1, x) 4 (x,e2) (€2, x) + (x,e3) (€3, x) + ...
j€l
= {w147,0,0,0,0,..} + {0,a2a5,0,0,0,..} + {0,0,a303,0,0,...} + ...

* * *
= {7, w05, a3a3, ...}

=) (xe)(ejx)
j€l
= (x,x).

On the other hand, x can be written as x = szjej. Thus, we have
j€l

(rx) = (Laey Lwe))
J€] j€]
= g(yc,x]-)(xj,x).
j€

Hence {x;} ey is a Parseval or a normalized tight frame with frame bound 1.

Lemma 1.1. ([41]) Let {x;}jcj be a Bessel sequence of a finitely or countably generated
Hilbert A-module H over a unital C*-algebra A. Then the analysis operator T: H —
(%(A) defined by
Tx =) (x,xj)e
j€l
is adjointable and fulfills T*e; = x; for all j.

We have the following equivalent definition for Bessel sequences in Hilbert C*-
modules. The main advantage of an equivalent definition of frames in Hilbert
C*-module is that it is much easier to compare the norms of two elements than to

compare two elements in C*-algebras.

Lemma 1.2. ([41]) Let {x;} e be a sequence of a finitely or countably generated Hilbert
A-module H over a unital C*-algebra A. Then {x;} ey is a Bessel sequence with bound D
if and only if

Y (x, %) (x;,x) < D|x||?
i€l
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holds for all x € H.

Proposition 1.3. ([41]) Let ‘H be a finitely or countably generated Hilbert A-module H
over a unital C*-algebra A and {x;}ic; C H a sequence. Then {x;}jc; is a frame of H
with bounds C and D if and only if

Cllx[l? < 3 _{x, ;) (xj,x) < Dx||?
i€l
forall x € H.

The following result characterizes Bessel sequences in terms of operators in Hilbert

C*-modules.

Proposition 1.4. ([41]) Let {x;j} ey be a sequence of a finitely or countably generated
Hilbert A-module H over a unital C*-algebra A. Then {x;} ey is a Bessel sequence with
Bessel bound D if and only if the operator U : £*(A) — H defined by

Ufej}jes = )%
i€l
is a well-defined bounded operator from ¢>(A) into H with |U|| < v/D.

The following result gives a necessary and sufficient perturbation theorem of

frames in a Hilbert C*-module.

Theorem 1.4. ([41]) Suppose that H is a Hilbert C*-module. Let {x;};c; be a frame for
H with frame bounds Cx and Dx and {y;};cy be a sequence of H. Then the following

statements are equivalent:
1. {yj}je; is a frame of H.

2. There is a constant M > 0 so that for all x € H we have

1) x5 =y g — i, 01 < MY (x, ) (g, 2)|

j€l j€]

and

I Z}(x, xj — ) (xj =y, x) || < M| Z}(x/yﬁ(yj/@ I
Je j€

Moreover, if {y; }jcj is a Bessel sequence, then (1) and (2) are equivalent to
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3. There exists a constant M > 0 so that

1) x5 =y g — i 01 < MUY (x, )y x) |
el JjeJ

holds for all x € H.
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CHAPTER 2
Representation of frames as regular k-distance

sets

In this chapter, we introduce the concept of a regular k-distance frame in Hilbert
space. Here, we discuss various characteristics of regular k-distance sets and focus
on k-distance tight frames for the underlying space. We also discuss the dual
frames for regular k-distance sets and provide some examples. In the end, we

establish a perturbation result for regular k-distance frames.

2.1 Introduction and Preliminaries

Frames have shown to be very useful in a variety of applications. Regular two-
distance is a special type of category of the frame which has some nice properties.
Recently, authors make a deep study of regular two-distance sets [17].

Now we recall some basic definitions from the literature.

Definition 2.1. A set X C IR" is called a two-distance set if there are two numbers p and

q such that the distances between any pairs of points of X are either p or q.

A two distance set X is called a spherical two-distance set if it lies in the unit
sphere of R". To put in another way, a set of unit vectors X in the Euclidean
space R" is a spherical two-distance set if there are two real numbers « and §,
—1 < a,B <1 such that the inner product of any two vectors of X are either « or .
We will say that &« and f are the angles of X.

For a set of vectors X = {x;}/"; inR", its Gram matrix G is the m X m matrix with en-
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tries G;; = (x;, xj) fori,j € [m]([m] = {1,2,3,.., m}, where m is any natural number).

[ (x1,x1)  (x1,%2) . (Xx1,%m) ]
(x0,x1)  (x2,x2) ... (x2,%m)
G =
| (vmox1) (xXm,x2) e (X, X)) |

Let X = {x;}", be a spherical two-distance set in R" at angle « and B. For each

i € [m], we define the sets

I ={jem: (x,x)=a}, I’ ={jc[m: (xx) =B} (2.1)

It is easy to see that |I}| + |Ilﬁ| =m—1foralli € [m].

Definition 2.2. [17] A spherical two-distance set X = {x;}* | in R" at angles « and p
is said to be regular if the cardinality of the set I} (and hence the set If ) does not depend on
i. We call this number ky = |I|, and kg = |If$ |, the multiplicities of x and B, respectively.

Example 2.1. A pentagon is a reqular two-distance set in R?.

Figure 1.1

The following theorem gives a simple characterization of regular two-distance sets.

Theorem 2.1 ([17]). A spherical two-distance set is regular if and only if its Gram matrix

has constant row sum.

With the help of frame potential, we deliver important characterization of tight

frames.
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Definition 2.3. Let X = {x;}" ; be a collection of vectors in R". The frame potential for

X is the quantity

m m

FP(X) =Y ) [{xi x> 22)

i=1j=1
Theorem 2.2. [7] Let m > n. If X = {x;}I" ; is any set of unit norm vectors in R", then

m2

FP(X) > —, (2.3)

and equality holds if and only if X is a tight frame.

Corollary 2.1. [17] Let X be a regular two-distance set of m vectors in R" at angles «, B

with respective multiplicities ky, kg. Then

, (2.4)

1+ koot + kg > %

and equality holds if and only if X is a two-distance tight frame.

m
Definition 2.4. A set of vectors X = {x;}I".| in R" is said to be balanced if ) _ x; = 0.

i=1
Proposition 2.1. [17] A set X = {x;}!" , is balanced if and only if each row sum of its

Gram matrix is zero.

2.2 Main Results

In this section, we undertake a deep study of k-distance sets and we investigate

the case where spherical k-distance sets form frames for the underlying spaces.

Definition 2.5. A set X in Euclidean space R" is called a k-distance set if there are k
numbers a1, ay, ..., and ay such that the distances between any pairs of points of X are

either a1, or ay, ..., or a.

Definition 2.6. A set of unit vectors in n-dimensional Euclidean space is a spherical k-
distance set if there are k real numbers a1, «y, ...... yand oy, —1 < aq, 00, ..., 00 < 1,0; # &
for i # j such that the inner product of any two vectors of X are either aq or «y, ......, OF Q.

We will say that a1, ay, ......, and ay are the angles of X.
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Let X = {x;}"; be a spherical k-distance set in R" at angle a1, a5, ......, and aj. For

each i € [m], we define the sets

' ={je[m:(x,x)=m}

I;Xz = {] S [m] : (xi, x]> = 0(2}

[F = {j € [m] : (x;, %)) = ay}

Itis clear that |I]!| + |I?| + ... + |[[I¥| = m — 1 for all i € [m].

o

Generally, the cardinalities of these sets, I;", I‘;‘Z, ..., and I?"‘ , depending on i. When

they are independent with i, we say that the set is regular.

Definition 2.7. A spherical k-distance set X = {x;}I" | in R" at angles ay, a3, ..., and
o is said to be regular if the cardinality of the set I;* (and hence the set I}, ..., I* ) does
not depend on i. We call this number ky, = |I1*|, ko, = |I}?|, ..., and ko, = |I;*|, the

multiplicities of ay, ay, ..., and ay, respectively.

For a regular k-distance set X, the sum of the entries in every row of its Gram
matrix is the same. We will call this common number the Grammian constant
(c) of X. This constant is always greater than or equal to zero and less than the
cardinality of X. When k-distance sets form frames and tight frames for the space,
we call them k-distance frames and k-distance tight frames, respectively.

Let {¢;}cj be a regular k-distance frame of a Hilbert space H and | be an index
set, then we define the corresponding pre-frame operator, analysis operator, and
frame operator as follows.

The operator T : H — (2 defined by

Tf={(f.¢j)}jej, Vf€H
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is called the analysis operator. The adjoint operator T* : /> — H is given by

T*{Cj} = ZC]gb]
i€l
T* is called pre-frame operator or the synthesis operator. By composing T and T*, we

obtain the frame operator S : H — H defined by

Sf=T"Tf=) (f.¢;)¢; ¥ f € H.

i€l
We now provide an example of a regular three-distance set.

Example 2.2. Insert a cube inside a sphere with radius 1. That is the corners of the cube

must touch the surface of the sphere. There are eight corner points.
1 -1 1 1 1 -1 1 1 1 -1

1 1
R Y LV BBV LAV v 1V L v vy
e e O B s Ry e e o
V3 V3 VB BBV BT VB VB BT VBB
Hereoc:%,ﬁz%land'yz—l.
The Gram matrix G is

1 /3 1/3 1/3 -1/3 -1/3 -1/3 -1
1/3 1 -1/3 -1/3 1/3 -1 1/3 -1/3
/3 -1/3 1 -1/3 1/3 1/3 -1 —-1/3
1/3 -1/3 -1/3 1 -1 1/3 1/3 -1/3

©= -1/3 1/3 1/3 —1 1 -1/3 -1/3 1/3
-1/3 -1 1/3 1/3 —-1/3 1 -1/3 1/3
-1/3 1/3 -1 1/3 -1/3 -1/3 1 1/3
I -1 -1/3 -1/3 -1/3 1/3 1/3 1/3 1 |
I8 = {{x1, 72, (1, x3), vy, xa) }, I = {(eg, x5), (0, x6), (30, 27) 3, I = {3, %)}
13 = {{xa, ), (x2,x5), (2, 207)}, 15 = {{x,25), (e, xa), (2, 38) ), 1 = { (2, %)}
I§ = (x3,x1),<x3,x5>,<x3,x6>},lﬁ: (x3,%2), (x3,x4), (x3,x8) }, I = {(x3,x7)}
15 = {(xg,x1), (xa,%6), (xg, 27}, If = {(xg, x2), (x4, x3), (x4, %)}, ] = { (g, x5)}
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18 = {(x5,%2), (x5,%3), (x5, %8) }, I = {{x5,x1), (x5, %), (x5, %7) }, 1T = { {x5,%4)}
18 = {(x6,x3), (X6, xa), (X6, x8) }, If = {(x6,21), (x6, x5), (X6, %7) }, I = {{x6,%2)}
18 = {(x7,2), (x7,x), (x7,x)}, I = {{x7,x1), (x7,x5), (x6, x1)}, 1} = {{x7,%3)}
1§ = {(xs,x5), (x5, %6), (X8, x7)}, I} = {{x5,%2), (x5, x3), (x5, xa) }, Ij = { (x5, 1)}

Herec = 0and k, = 3,k/3 =3,ky = 1.

We now introduce the definition of dual frames for regular k-distance set. To
reconstruct a vector from its frame coefficients, we require the notion of dual

frame.
Definition 2.8. Let {¢; };c; be a regular k-distance frame. Then there is another regular

k-distance frame {§;}ic; C H, such that

{¢;} = (T"T)'p; =S¢, je]. (2.5)

The family {S~!¢;} ¢/ is also a regular k-distance frame for H, called the canonical
dual frame.
In general, a regular k-distance frame {y;};c; C H is called alternate dual or simply

a dual for {¢;}c; if

f=Y{fvp)¢j, ¥V f € H. (2.6)

j€]

Theorem 2.3. Suppose {§;} ;e is a regular k-distance frame of a Hilbert space H, with
associated frame operator S = T*T and frame bounds 0 < A < B < co. Then the set
{¢; = (T*T)"'¢; = S~1¢;} is another regular k-distance frame of H, with

1 2 7 (12 1 2

The set {¢;} is called the canonical dual frame associated with the original regular k-

distance frame.

Proof. 1f {¢;} is to be a regular k-distance frame then there is some operator T
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satisfying
Tf = (f.¢j) = (£,(T"T)"'¢).

(T*T)~! is the inverse of a bounded self-adjoint operator, so it is also self-adjoint,

and
(Tf); = (£, (T*T)'¢y).
By definition this is the j* component of T(T*T)~!. Thus,
T=1(T"T)".
We also have
T = (T*T)"'T".
and

ITFI> = (T°Tf.f)
= ((T"D)7'T*T(T*T)~'f, f)

= (T"D)7'f. f).

Let ¢ = (T*T)"1f, so that

ITAI? = (T*T)7'f, f)
= (& T'Tg)
= (Tg Tg)
= [|ITg|*

Since {¢;}je; is a regular k-distance frame for H, we have

Aligli* < IITgll* < Bligl®, g € H.
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After rearranging the above inequality, we get

1
sITgl” < lgll* < ~Tgl2

D>

Inserting ¢ = (T*T) ! f back into this inequality, we have
1, - . 1, _
SITAP < (T T) A2 < S ITAP CoAITAI® = [IT8]®)-

This implies

UUIH

This gives us

(F.F) < (ST f) < U f)-

S|~

If {¢j};e; is a regular k-distance set with distances a1, a3, ..., and «; then by di-
rect computation, one can see that {¢;} is a regular k-distance set with distances
1S, [|S7H|az, ..., and ||S™!|ag. Also, {¢;} is a regular k-distance frame with
bound 0 < % < % < oo and S~! = § is the frame operator for a regular k-distance
frame {¢;} . O

Example 2.3. The set X = {(0,1), (0, —1), (_—1, L), (L/

is a regular three-
distance frame for R?.

S L

The Gram matrix is given by

1 1 1V2 —1/V2
-1 1 ~1/vV2 1/V/2

G =

1/vV2 -1/vV2 1 ~1

| -1/V2 1/v2 - 1
Hereoc:%,ﬁ:\_/—%and’y:—l.
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The analysis operator is

L o
0 -1
T =
—1/V2 1/V2
| 1/V2 —1/v2 ]

and the synthesis operator is given by

1 -1 1/vV2 —1/V2

Here X is a reqular three-distance frame with lower and upper bounds A = 0.58 and

T*lo 0 —1/v2 1/\/51

The frame operator S = T*T

B = 3.41, respectively.

Now ~
g1 3/2 1/2 '
I 1/2 1/2
and _ .
1/2 1/2
T Tl -1/2 -1/2
-1/vV2 0
L 1/\/§ 0 .

11, -1 -1, ,—1 1
E,E),(7,7),(ﬁ,0),(ﬁ,o)

of X with lower and upper frame bounds 0.3 and 1.7, respectively. Also, the set Y

Therefore, the set Y = { ( } is a canonical dual frame

is a regular three-distance set if we convert the set of vectors in Y to unit vectors as

1 1 -1 -1
{ (—=,—=), (—=,—=),(=1,0),(1,0) } The Gram matrix for the canonical dual frame
V2 V27202
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of X is as follows:

1 -1 -1/v2 1/V2
~1 1 1/vV2 —1/V2
~-1/vV2 1/V2 1 —1

1/v2 -1/vV2 -1 1

O
I

Proposition 2.2. Let X = {x;}!" | be a regular k-distance set of m vectors in R" at angles

ay, &2, ..., and ay with respective multiplicities ko, ky,, ..., and ky, . Then

1+ ko 02 + kg3 + oo + kg 2 > % 2.7)
and equality holds if and only if X is a k-distance tight frame.
Proof. We know that
2
FP(X) > - (2.8)
Also,
FP(X) = mlky, 03 + kapt3 + ... + koo + 1]. (2.9)

Using equation (2.8) and (2.9), we get

| 3

Mk, 0 + ka3 + oo 4 ko o2 + 1] >

kayof + kay3 + o + koo + 1] >

3=

2
The equality part of the theorem holds true as we know that FP(X) = T% if and

only if X is a tight frame. O

Tight frames are those frames in which the frame bounds are equal. For tight
frames, we do not require the inverse of a frame operator. They play a key role
in wide applications as tight frames look-like a more natural way to reconstruct

vectors. Tight frames are closest to orthonormal bases as they are redundant set of
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vectors and have properties like bases.

Theorem 2.4. Assume X = {x;}I" , is a regular k-distance frame in R" with angles u,
ap, ..., and wy. Then the following are equivalent:

(1) X is a m/n-tight frame.

(2) For some | C [m] with span {x;};c; = R",

aq Z Xj+ Z Xj+ .+ ag Z xj = (= —1)x, foreveryi € J.
jer jer? jerk

Proof. First we assume that X = {x;}", is a regular k-distance m/n-tight frame.

So, for any i € [m], we deduce

m m
—x = ) (%, Xj)X;
n j=1
= 2 <x1', x]->x]- -+ Z <x1’, xj>x]~ + ...+ Z <x1~, x]'>x]' -+ <xi, xl-)x,'
jert jer? jelk
= oclij—i—ocsz]-—i—...—l—ockaj—i—xi.
jert jer? jer
This implies

ap Yy Xjtap Y XjA o ag Y xj= (——l)xl,forallzej

jer jer? jerk
for some | C [m] with span {x;};c; = R".

For the converse part, we have

alzx]+a22x]+ Ha ) x= ——1)xl,foreveryz€]
jert jer? jer*

From this it follows that

m
m
—x; = Z Xj, Xj)X
n :
m .
= —x; = Sx; foreveryie€ ],
n
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m
where S is the frame operator of X = {x;}" ;. Now Sx = P for every x € R"

follows from span{x;};c; = R". Therefore, X = {x;}" | is a m/n-tight frame. [

The following theorem shows an approach to creating balanced, regular k-distance

sets in one lower dimension using a non-balanced set.

Theorem 2.5. Let X = {x;}"; be a regular k-distance set of distinct vectors in R" with
its Grammian constant c. Let aq, ay, ..., and ay be its angles with multiplicities ky,, ky,, ...,

and ky, , respectively. Assume that X is not balanced and let P be the orthogonal projection

onto span{z}, where z = Z xj. Then Y = { ” EARL } is a balanced, reqular

i=
m c m c
k-distance set of distinct vectors in R"~! at angles (le - =), (ap — =), ...,
m—c m” m—c m

c ) ) e
c (o — E) with respective multiplicities ky,, ky,, ..., and ke, .

m
and
m —_

Proof. For every x € R", we have that

z z
Px =(x,—)—
S RUE
Now, we compute
) m m
Iz[|* = () xi, ) xj) = me,
=1 j=1
and for all 4,
I(I=P)xi|> = [Ix]* — ||Px;?

= (xi, xl-) — <Pxi, Pxi>

1
= 1— W|<Xilz> |2 (".- X is a regular distance set)
2
- 1-=
mc
_ m—c
 om
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(I = P)x;

If we set y; = =P’ then
Wiry)) = ——({xix;) = (Px;, Px;))
= () = o (e 2 ,2)
- I () - )
_ mL_«xi, xj) — %). (2.10)

This shows that Y is also regular k-distance set with the same multiplicities as of X
because X is regular k-distance set. One can easily see that the vectors in the set Y

are distinct since

m C ) .
——({xi,x;) — ) = Tifand only if (x;, x;) = 1.
Now, we compute the Grammian constant for the set Y. So, for any i (let’s say

i = 1), we have

i ylry]
= (Y y1) + Y y2) +- - 4 (Y ym)
mri - ((xl,xl > % ((xl,x2> - %) +-+ mri p ((xl,xm) — %) (Using (2.10))
-l ) o 5) (3]
mm [ x1,x1) + (X1, %2) + - - -+ (X1, Xm) — m(%)]
=0( Z(xl,x]> =¢).
j=1
This implies that Y is balanced set. O

Proposition 2.3. Let X = {x;}"; be a k-distance tight frame for R" at angles aq, a5, ...,
and ay. Also, a; # —a; for i # jand |I7?|, ..., |I'*| independent of i, then X is regular. In

addition to that the Grammian constant of X is either 0 or p

Proof. By using second part of Theorem 2.4 , we have
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m .
el Z Xj+ &2 Z Xj+ .+ Z xj:(;—l)xi, Vie [m]

jer jer? jer
Now, by taking the inner product on both sides of above equation with x;, we get

m
[T ot + 17 + - - o [T o = - = 1.

Using |I'!| + |2 4 - - - + |[*] = m — 1 in the above equation, we have

m

[ ad + 1123 + -+ [T ey o+ (= 1= [ = [ = = [ e = — =1
_ m
= [](af — ) + |12 ](a3 — af) + -+ |5 (ag g — o) + (m = Daf = — — 1

Solving for ||, we get

oy (2 —1) + (1 — m)a2 + |I72| (a2 — 03) + ... + || (a2 — a2 )
| i ’ - a2 — g2
1 k

which is independent of i, if a; # —a; for i # jand |I}?, ..., |I*| independent of i.
Therefore X is regular.
m
Now we want to prove that the Grammian constant of X is either 0 or s Since X
is a finite unit-norm tight frame for R”, we can say that Gram matrix G of X has
one nonzero eigenvalue P of multiplicity n and an eigenvalue 0 of multiplicity
. . m
m — n i.e. G has only two eigenvalue p and 0.

Foralli € [m]

m m
(xi,xj) =) Gy =c
=1 =1

]

Then we have
Gl =1,

where 1 denote the vector of all 1’s. Also we observe that the row sum of the Gram
matrix G is an eigenvalue of G. This implies that the Grammian constant (c) of X

m
is either O or o ]

Now the next result shows that there is a constraint on the cardinalities of the
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set If1,1?2,~ -+, and If( * if a regular k-distance set in R"” contains odd number of

elements.

Proposition 2.4. Let X = {x;}" ;| be a regular k-distance set in R" at angles a1, ay, ...,
and oy with multiplicities ky,, ky,, ..., and ky,, respectively. Then ky,, ka,, ..., and k,, are

even if m is odd.

Proof. The Gram matrix G of X is defined by G;; = (x;, x]-), 1 <i,j <mwhichisa
m x m self-adjoint (i.e. G = G*) matrix. Now as we have X is a regular k-distance
set of m vectors in R", each row of G has exactly k,, elements a1, k,, elements a5,

..., and k,, elements ;. Also, we have
k“l +k0(2+' ° '+k“k :m_l :> mk[xl +mk0¢2+ * '—I'_mk[xk — m(m_l).

If m is odd then m(m — 1) is an even number. This implies that mk,,, mk,,, ..., and
mky,, are even otherwise the Gram matrix of X would not be self-adjoint matrix
and hence we deduce that mk,, , mky,, ..., and mk,, should be even and thus ky,, ka,,

..., and k,, are even. O

Lemma 2.1. Let X = {x;}!", be a regular k-distance tight frame for R" at angles

X1,82, ..., and a with multiplicities ky,, ky,, ..., and ky, respectively. Then we have
m
1+ kyoq + koo + -+ - +kgap =0, or 1+ kg a1 + kgyo0p + - - + kg a0 = P
and
2 2 2 _ M
1 —‘l_ kalal _|— kazlxz + ct _|— klxk“k — ;.
Proof. One can refer ([17]). O

Theorem 2.6. Let X = {x;}", be a regular k-distance tight frame in R" at angles
X1,02,..., and ay with multiplicities ky,, ky,, ..., and kq, respectively. Let G be the Gram

. . . . . . /
matrix of X with its Grammian constant c. Define a new matrix G as

!

Gij = B—Gj, fori#j
1, fori=j
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where B =

- ifc=0,and p = %ifc:mm.

Then G has the following characteristics:

(1) G isam x m self-adjoint matrix and each row has exactly k,, elements p — a1, ky,
elements B — ay, ..., and k,, elements B — ay.

(2) G’ has constant row sum. Indeed,

1+k“1(18_a1)+k0¢2(:5_0‘2)+"'+k0¢k(:3_“k) =0ifp = m__21’ and
1+ ko, (B— 1) 4+ kay (B— a2) + - + ko (B — ag) :m/mfﬁ:%_

(3) It also possess 1+ ko, (B — 1) + kay (B — a2)? + - - - + ko, (B — ax)? = m/n for
both the values of B.

Proof. As we know G is a m x m self-adjoint matrix and each row has exactly k,

elements &1, k,, elements ay, ..., and k,, elements «;. So we can deduce (1) easily.
-2
For (2), we first consider the case p = p—h
m
By definition Z(xi,xj> =c=1+kyoy + kot + -+ - + koot = 0.
j=1
Thus, we have

1+ ke (B—a1) +kay(B—a2) + .. + ko (B — k)
=1 — (ka1 +kayoo + ... + kg tg) + Bkay + Koy + ... + ko)

=1-(-1)+p(m—1)
:2—(m—1)%

= 0.

2(m —
Now we consider the case for f = (m—n)
n(m—1)
Again by definition, we have

m

m
Z<x1/x]> = C = 1 _'—klxlal +k0{2“2 + e +k0(kak — z.

j=1
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So, we have

14+ ke (B—a1) +kay(B—a2) + ... + ko (B — k)
=1 — (ko1 + kayao + ... + ko ot) + Blkay + Koy + ... + kg,

=1 (5 —1) +pm—1)
SRR )
m  2(m—n)
=iyt
:2n—m+2m—2n

which is the required claim.

For (3), first we have B =
Thus,

1andc:1—|—kaloc1+kazoc2+---+k0¢ktxk:O

1 +k0¢1(:3 - 0‘1)2 +k0¢2(18 - “2)2 + - +klxk(:3 - D‘k)z
=1+ (kay0F + kapt3 + - - - + katf) — 2B(kay @1 + kayto + - - - + ko) + 2 (m — 1)
=1+€—D—m&n+ﬁw—ncn+mﬁ+mﬁ+m+m%=%>

= 2+ 2p+ p2(m—1)

() -1 ()

m
n
m
0

2 _
Similarly, for the case § = % and ¢ = 1+ kg a1 + koo + - - + kg ot = %
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We have,

1t kay (B — 1)% + K (B — @2)* + -+ - 4k (B — )’
=1+ (kay0] +kayt3 + - -+ Kaf) — 2B (kay @1 + Kyt + - - + ko) + B2 (m — 1)
=14+ (5 =1) =28~ D)+ fAm—1) (14 kayod +kedd 4o ke = T

:%—2/3(7”_”) B (m—1)
-2 () - -0 (=T
which is the required claim. O

Lemma 2.2. Let X = {x;}" | be a regular k-distance tight frame for R". Then G is the
Gram matrix of X if and only if it satisfies the following conditions:
(1 G* = 2.
n
(2) Gjj =1 forall i.
(3) There exists aq, &, ..., and «y such that Gij equals either a1, ay, ..., or ay, where w; # &

fori #j.

Proof. First we assume that G is the Gram matrix of a regular k-distance tight frame
X = {x;}", for R". As we know that X is a finite unit-norm tight frame for R",
we can say that Gram matrix G of X has only two eigenvalue % and 0. Therefore
G? = %G holds true. Since all the vectors of X are unit norm thus for all i, G;; = 1.
Condition (3) also holds true because X is a regular k-distance set for R".

For the converse part, we assume that G satisfies conditions (1), (2) and (3) and we
want to prove that G is the Gram matrix of X.

From condition (1), we have G2 = %G. This implies G is positive semi-definite and
hence for some set of vectors G is the Gram matrix as G has only two eigenvalue
% and 0.

Let % be an eigenvalue of G of multiplicity k as fr(G) = m > 0. Then we have,
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The above equation is only true when k = n and so this implies span{xj};-”:1 =RR",

where {x]-}]’.”:1 is set of vectors in R". This shows {x]-}]’.”:1 is a frame for R".

Now we present a method to select the vectors from R".

Let D be defined as
m
—I 0

D= |n
0 0

which is a diagonal matrix of order m and I is the identity matrix of order n.

Then there exists an unitary matrix U of eigenvectors of G such that

G = UbDuU*
m
—I 0 usx
— U, u n 1 :ﬂulu*
1 2 « n 1
0 of |ug

where Uy and Uy are m x nand m x (m — n) submatrices of U whose columns are

eigenvectors of G with eigenvalues p and 0, respectively.
/m
Now we choose the set of vectors to be the column of the n x n matrix X = P u;j.

Since XX* = ;Uf U, = zl[, these set of vectors form a tight frame. And its Gram
matrix G satisfies condition (2) which implies that these set of vectors are unit

norm and (3) shows that it is a k-distance set. Thus, G is the Gram matrix of X. [

Theorem 2.7. Let X be a reqular k-distance tight frame of m vectors in R" at angles
a1, &2, ..., and ay with multiplicities ky,, ky,, ..., and ky, respectively. Let G be its Gram

matrix and ¢ be its Grammian constant. Let G' be defined by
G =@2-NI+1-G,

_ 2(m —n)
zfc 0, and v = n(m 1%

matrix, and J is the matrix whose all entries are

where v = p— if c = m/n. Also, here I the identity
Then we have the following:

(1) For v = m_——zl’ G is the Gram matrix of a reqular k-distance tight frame Y for R" if
and only if m = 2n + 1.
(2) For v = M

_1)
R" ifandonly ifm=2n—1.

G is the Gram matrix of a reqular k-distance tight frame Y for
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In addition to that, the angles of Y are v — aq and vy — «y, ..., and y — ay with the
same multiplicities of X, i.e., ka,, ka,, ..., ka,, respectively. Also, Y is a balanced set if

-2

Lo

Proof. First, we will prove the result (1). By Lemma 2.2 and Theorem 2.6, it is
sufficient to find conditions for which G2 = %G/. Also, we observe that GJ =
JG = (1 + arky, + ke, + - - + arke, )] =0, G* = %G and J? = m].

Now, we deduce that

/

G? = [2-7)I+1J -G
2—7) P+ +G*+272— 7)) —22—7)G -G
(2= )L+ *m] + %G +292—-7)) -2(2—-79)G
2= )T+ ylym+22-7)]J-2(2-7)G+ %G

2 m
(2—7)H+’r(2—'r)ll—(2—’r)[2—n(2—

=)
= 2-N[E-N+T-@2- " 6],

n(2—-
Therefore, G2 = %Gl if and only if 2 — v = m/n if and only if m = 2n + 1. The
moreover part follows from Theorem 2.6. In a similar way we can prove second

part of the theorem as well. O

For proving the perturbation result for regular k-distance frame, we need the

following result which is given by Casazza and Christensen ([18]).

Theorem 2.8. Let X = {x;}c;j be a frame for a Hilbert space H with frame bounds C and
D. Assume that {y;}jc; is a sequence of H and that there exist Ay, Ao,y > 0 such that
max {A; + %, A2} < 1. Suppose one of the following conditions holds for any finite

scalar sequence {c]-}jef and every x € H. Then {y;} ey is also a frame for H.

(i) (Y [(x = yi) )2 < A 1 ) Y2 4+ A (3 1 i) )Y 2 + el x;
JEI J€J J€J

(ii) || ZC] y] < Ml chx]” + Az ZC]%H +THu Z |C]| 1/2
j=1 j=1 j=
Moreover if {x;} ey is a Riesz basis for H and {y; };c; satzsﬁes (i), then {y;} ey is also a

Riesz basis for H.
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Theorem 2.9. Let X = {x;}jc; be a regular k-distance frame for a Hilbert space H with
frame bounds C and D. Assume that {y;};e; is a sequence of H such that {y;};c; =
T{xj}jcj where T is unitary, and that there exist A1, Ay, p > 0 such that max {A; +
LC' Ay} < 1. Suppose one of the following conditions holds for any finite scalar sequence

{cj}jey and every x € H. Then {y;} ey is also a regular k-distance frame for H.

@) (10 xp = i) Y2 < A K x) Y2 4+ A () [, i) )2 + )l
el eI j€l

(ii) || ZC] —Yj < Al chx]” + Az ZC]%H +u Z |C]| 1/2
j= j= j=

Proof. By using Theorem 2.8, we can say that {y;};c; is a frame for H if one of the
conditions holds for any finite scalar sequence {c;}c; and every x € H. Since
{y;}jej = T{x;}jcj where T is unitary, one can easily verify that {y; };c; is a regular
k-distance set as it is given that {x;}c; is a regular k-distance set. Thus, {y; };¢; is

also a regular k-distance frame for H. O

Example 2.4. Consider a reqular three-distance frame as given

it~ {000 (4 ) (2 )

with lower and upper bound C = 1 and D = 3, respectively. Now let

it {0 (G B 10.00)

and Ay = 0.36, A, = 0.80 and u = 0.
Then {y]-};-lzl is a regular three-distance frame with lower and upper frame bound 0.6 and
3.4, respectively.

2.3 Conclusions

Frame theory in Hilbert space has emerged as a significant tool for immense
applications in science and engineering. In this chapter, we have introduced
the concept of a regular k-distance frame in Hilbert space. Here, we discussed
various characteristics of regular k-distance sets as well as focused on k-distance

tight frames for the underlying space. We also studied them from an operator
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theoretic approach and discussed the dual frames for regular k-distance sets and
provide some examples. In the end, we established a perturbation result for regular

k-distance frames.
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CHAPTER 3

Weaving ¢-frames in Hilbert C*-modules

Woven frames are motivated by distributed signal processing with potential appli-
cations in wireless sensor networks. g-frames provide more choices for analyzing
functions from the frame expansion coefficients. This chapter aims to introduce wo-
ven g-frames in Hilbert C*-modules, and to develop their fundamental properties.
In this investigation, we establish sufficient conditions under which two g-frames
possess the weaving properties. We also investigate the sufficient conditions under

which a family of g-frames possesses weaving properties.

3.1 Introduction and Preliminaries

Sun [53] introduced the concept of g-frame or generalized frames in Hilbert spaces.
A. Khosravi and B. Khosravi [45] defined g-frame in Hilbert C*-module. Weaving
frames are powerful tools in wireless sensor networks and pre-processing signals.
Bemrose et al. [6] introduced weaving frames in Hilbert space, and fundamental
properties of woven frames were developed.

Now we recall some basic definitions from the literature.

Let X and Y be separable Hilbert spaces, and {Y; : j € J} be a sequence of closed
subspaces of Y. Let £(X, Y;) be the collection of all bounded linear operators from
Xinto Y.

Definition 3.1. [53] We call a sequence {A\; € L(X,Y;): j € ]} a generalized frame, or
simply a g-frame, for X with respect to {Y; : j € J} if there are two positive constants A
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and B such that

Allx|* < ) llAajx|* < Blx||, ¥ x € X. 3.1)
j€l
Definition 3.2. [6] Let I be a countable indexing set. A family of frames {{¢i;}jc1 : 1 €
[m]} for H is said to be woven, if there are universal constants A and B such that for every
partition {0} e of 1, the family | ) {ij}jeo, is a frame for H with frame bounds A
i€[m]

and B.
Definition 3.3. [47] A family of g-frames {\jj}icy jc(m) for a Hilbert space H is said to
be woven if there are universal constants A and B so that for every partition {0} } jc | of I,

the family {A,-]-}i@],’je[m] is a g-frame for H with lower and upper frame bounds A and B,

respectively.

Let U and V be finitely or countably generated Hilbert . A-modules, and {V; : i € I}
be a sequence of closed Hilbert submodules of V. Let End’ (U, V;) be the collection
of all adjointable .A-linear maps from U to V;.

Definition 3.4. [45] A sequence {A\; € Endy(U,V;): i € 1} is called a g-frame or a
generalized frame in U with respect to {V;: i € 1} if there exist constants C,D > 0 such
that for every f € U,

C(f, f) < gmif, Aif) < D(f, f). (3.2)

Definition 3.5. [34] A family {{A;;}ic1}jej of frames for H is called woven if there exist
universal constants 0 < A < B < oo such that for every partition {0} };cy of I, the family
{{Aij}icr}jey is a frame for H with lower and upper frame bounds A and B, respectively.
Each family {{/\;j}ico, }je; is called a weaving.

We now give an example of woven frames in Hilbert C*-module.

Example 3.1. Let {* be the unitary C*-algebra of all bounded complex-valued sequences

with the following operations

uo = {uvi};en, 4 = {titien, V1 = {ti}ien 0 = {vi}ien € €7
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Let H = Co be the set of all sequences converging to zero. Then Cy is a Hilbert £*°-module

with {*-valued inner product
(u,v) = uv* = {uv; },. Ny = {Uvitieny ¥V 1,0 € G
Let ] = N and we define A = {Aqj}72, € Hand T = {Ag;}2; € H as follows:

{Alj};il = {61162/ O/ €3, 0/ €y, 0/ €5, }

{AZ] }]00;1 = {OI €2,62,€3,€3,64,€4, €5, €5, }

where {e]'};?‘;l be the standard orthonormal basis for H.
Let f = {a1, a0, 03, 004,05, ...} € H. Then (f, f) = {a1a], ao03, a3}, aya, ....}. Here
partial ordering ' <’ means pointwise comparision.

For any subset o of N, we have

Yo (f A (Mg f) + Y Moy (Agj, f) < 2i<f/€j><€jzf> =2(f, f)
f

jeo jeoe

On the other hand, let f € H. Then we have

(o]

ffr = Z%<f/ej><ej'f>
]:
< XA (A ) + ) Agp) (A, ).
jEOT jeo*

Hence A and T are woven frames with universal lower and upper frame bounds 1 and 2,

respectively.

3.2 Main Results

The above literature motivates us to introduce the notion of weaving g-frames in

Hilbert C*-modules.

Definition 3.6. Two g-frames A = {A;};cyand T = {T;},c for U are said to be g-woven

if there exist universal positive constants A and B such that for any partition o of I = N,
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the family {A;}ico U{T; }icoe is a g-frame for U with lower and upper g-frame bounds A

and B, respectively i.e.

A(f f) < Y ANf Nf) + Y (Tf . Tif) < B(f,f), Y f eU.
ieo ieo®
Definition 3.7. A family of g-frames {{Ai;}32; : i € I} for U with respect to {V; : i € I}
is said to be g-woven if there exist universal positive constants A and B such that for any
partition {0;}icr of N, the family | J{Ai;}jco, is a g-frame for U with lower and upper

il
g-frame bounds A and B, respectively.

Let {V; : i € I} be a sequence of Hilbert .A-modules, we define the space
PV = {{cij}jea,ier : cij € Vi and Y. (cij, cij)is norm convergent in A}
icl jeoiiel

with the inner product defined by

<{C1]} {dlj} icljco; = Z 2 Cz]r z]

icljeo;

Associated with a woven g-frame {{A;j}7*, : i € I}, we define the analysis,
synthesis, and frame operator as follows:

The operator T: U — € V; defined by

iel
Tf = {Aiif lieljeo,

is called the analysis operator.

The synthesis operator T*: @ V; — U is given by

iel

T{cijtierjeq = ) ) Ajjcij-

icljeo;
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By composing T and T*, we obtain the frame operator S: U — U as

Sf = T'Tf

= Y ) AjAf,

icl jeo;
where Aj; is the adjoint operator of A;j.

Proposition 3.1. Let {{Aij}}il 2 i € I} be g- woven frame for U with universal bounds
A and B. Then the frame operator S is self adjoint, positive, bounded and invertible on U.

Proof. Since S* = (T*T)* = T*T = S, the frame operator S is self adjoint.
Let {{Aij}}?‘;l : 1 € I} be woven g-frame for ¢/ with universal lower and upper

frame bounds A and B, respectively.

LetfelUand Sf =) ZAZ‘injfthen

icljeo;

(Sf.f) = (X1 AjAif,f)

icl jeo;
- 2 Z Aijf, Nijf).
i€l jeo;
= A(f,f) < (Sf,f) < B{(f.f)
= Al < S < BI.
Therefore, the frame operator S is positive, bounded and invertible. O

Theorem 3.1. Let {{A;;}?*, : i € I} be a g-Bessel sequence for U with respect to

{V; 1 i € I} and with g-Bessel bounds B;. Then, every weaving is a g-Bessel sequence
m
with bound 21 B;.
]:

Proof. Let {0j};cj be any partition of I. Then for every f € H, we have

iZszﬂAzjﬁ < iZ}<Aijf/Aijf>
= 160]- j1=1li1e

< Y Bi{f.f)

=1
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Proposition 3.2. Let A = {A;}; Ny and I' = {I;},.N be g-Bessel sequences in U
with respect to {V; : i € N} with g-Bessel bounds By, By, respectively. If | C N, and
Aj = {Aj}jejand Ty = {T}};ej are woven g-frames, then A and T are woven g-frames
forU.

Proof. Let A be lower g-frame bound for Aj and I';, and let ¢ C N be an arbitrary
subset. Then,

Aff) < Y (NAAH+ Y (T Tif)

jeon] jeoen]
< Y AN A+ )Y (T Tif)
jeo jeoe

< (B1+ B2)(f, f)-

Hence, A and I' are woven g-frames for /. O

Theorem 3.2. Let A = {A;}; .y and T = {I';}, .y be g-woven frame for U with respect
to {V; :i € I} with universal g-frame bounds A and B. If ] C N and

Y (Aif, Ajf) < D{f, f)

€]

forall f € U and for some 0 < D < A, then Ay = {Ai}ieN\] and Ty = {ri}ieN\] are

g-woven frames for U with universal g-frame bounds A — D and B.

Proof. Let o be any subset of N\ J. We compute

Y NF N+ Y, (Tif.Tif)

j€o jeMN\])\e
=( Y INLANH =Y INLAND)+ Y, (T Tif)
jecU] €] jeM\)\e
= (Y, INAANOH+ Y, (AT) = Y AN Ajf)
jecy] je(N\))\e j€]

> (A=D)(f, f)-
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On the other hand, for all f € U/, we have

YN AN+ )Y, AT <Y (NAAH+ Y. (T Tif)

jeo je(N\)\e jecy] jeMA\D\e
< B(f.f)-

Hence, Ag and I'y are g-woven frames for ¢/ with the universal lower and upper
g-frame bounds A — D and B, respectively. O

We require the following lemmas to prove our results.

Lemma 3.1. [1] Let A be a C*-algebra. Let U and V be two Hilbert A-modules and
T € End*(U, V). Then the following statements are equivalent:

1. T is surjective.

2. T* is bounded below with respect to norm i.e there exists m > 0 such that | T*f|| >

m||f]| forall f € U.

3. T* is bounded below with respect to inner product i.e there exists m > 0 such that

(T*f,T*f) > m(f, f) forall f €U.

Lemma 3.2. [50] Let U and V be Hilbert A-modules over a C*-algebra A and let T :

U — YV be a linear map. Then the following conditions are equivalent:
1. The operator T is bounded and A-linear.
2. There exists k > 0 such that (Tx, Tx) < k{x,x) holds for all x € U.

Theorem 3.3. Let A = {A;}; .y and T = {I';},.N be a family of g-frame for U with
respect to {V; : i € N}. Then for every partition o of N, A and T are g-woven frames for
U with the universal lower and upper g-frame bounds A and B, respectively if and only if

AN AN < (A Aif) + Y (Tf i) < BIKE £l

<o ieo¢

forall f € U.
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Proof. (=) Obvious.

Now we assume that there exist constants 0 < A, B < co such that for all f € U

AICE DI < 1A M) + Y AT, Tf) I < BIKE £ (3.3)

i€ ieoc

We prove that A and I are g-woven frames for U/ with the universal lower and
upper g-frame bounds A and B, respectively.

As S is positive, self adjoint and invertible operator. We have

(S2f,52f) = (SF, £) = Y (Af, Aif) + Y (Tif, Tif).

ico ieo’

From equation (3.3), we have
1
VAIFI < 1S3 fII < VB f]-

By using Lemma 3.1, we have

(S2f,S2f) = (SF, f) > Alf, f).

Since S? is bounded and .A-linear, by using Lemma 3.2, we have

(S2f,S2f) = (Sf,f) < B(f, f).

From the above two inequalities we conclude that A and I' are g-woven frames for
U with the universal lower and upper g-frame bounds A and B, respectively.

]

Theorem 3.4. Let A = {A;},.y and T = {T;}, N be g-frame for U with respect to
{V; : i € N} with g-frame bounds A1, By and Ay, By, respectively. Assume that there are
constants 0 < Ay, Ay, u < 1 such that

Aq
A1/ B A/ B <
BTV RS S R R
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and

A

* * 1 * * 1 1
<Ml Y AAfi ALY+ Al (T Tl + ullUAL LD I1E - B4)
ieN ieN
forall {fi};cn € ( @ Vi). Then, A and T are g-woven frames with universal lower and
ieNA
upper g-frame bounds —, By + By, respectively.

Proof. Let T and R be the synthesis operator for the frames {A;}; . and {T;},.n,

respectively defined as follows T': @ V; — U is given by
ieN

T{fi} = )} Aifi

ieN
and R: €D V; — U is given by
ieN
R{fi} = }_Tifi
ieN

For each ¢ C N, define bounded operators

To,Ro: (P Vi) = U
ieN

To({fi}) ZA fiand Ry ({fi}) Zr*fl
We note that | T, | < |7/, | Rl < |R]| and | T, — Ry]| < |IT = R].
As we know || f]|? = ||{f, f)|l,Vf € U and using equation (3.4), we have

MITfidien) |+ A2l REfidien) |+ Bl fidienll 2 HZN (AF =T fi (AF =THF)|2

= (T =R){fi}ieN

This gives | T — R < Ay[|Tl| + Ao| R + p.
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Using this, for any o C N, we compute

1Y ATAf =Y TTifll = ITo({Aif)}ico — Re({Tif) tieo

ico ico

ITeTo f = RoRof]|
ITeTo f = ToRzf + ToRo f — ReRof]|

< (T = TR + I(ToR; = RoR;) |
< TN = RINIF+ 1T = RellIRENIF)

< ITINT = RIIA + IT = RIRI ]

< ITI -+ A20RI -+ @I+ IR

< (Tl IR B VBRI

< (fw— (VBi+ VIS

= 2. 5

Now, by using equation (3.5), it follows that

1Y ATAf + Y TTfll = | 3 ATAf + Y ATAf = Y ATAf + ) TITf||

ieo* i€ ieo¢ i€o

i€o i€

= | ATAif+ Y TiTif = ) ATAS]

ieN ieo
>
ieN
>
- iceo
> Al - ZLIf

Aq
= Ay,

i€o

I ATAFI =Y ATASf = Y TITHf]

ieo ieo

Al fIl = o AFAf = Y TiTif |

i€

This gives universal lower g-frame bound. By using Theorem 3.1, we get B; + B,

as universal upper g-frame bound. Hence, A and I' are g-woven frames with

universal lower and upper g-frame bounds — 2

, B1 + By, respectively. . O

Theorem 3.5. Let A = {A;}, .y and T = {T;},.N be g-frame for U with respect to

{V; 1 i € N} with g-frame bounds Aq, By and Ay, By, respectively. Assume that there are
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constants 0 < A, u,y < 1 such that
ABy +uBy +v < Ax
and

IS UAFA =TT £, (A A =TT )12

ieo

* * 1 * * 1 1
<M ATAL A NP2+ pll EATTf, TTH 12 + (1 A1)z (3.6)
ico ico ico
for all f € U and for every o C N. Then, A and I are g-woven frames with universal
g-frame bounds (A1 — ABy — uBy — y\/By) and (By + ABy + uBy + vv/By).

Proof. For any o C N, we use the fact that for f € U,

1Y AfAfl < Billflland || Y TTif|| < Ba| ]
i€o ieo

and as we know that ||f||2 = ||(f, f) |, Vf € U, (3.6) implies

1Y (AFA =TT fIl < ALY, AN+ pll Y TiTifl
ieo i€ <o
1
() IAifIP)2 (3.7)
ico

We compute

I AN+ Y TTfll = | AfAi+ ) TiTif — ) ATA]

ieo¢ ieo ieN ieo ieo
> | Y AN =Y TiTf = Y ATA]
ieN ico ico
> Alf] = I TiTf = ) ATAS]|
ier ieo

* * 1

> Al Il =AY AT AL =l T = () A 1P)2
ieo ieo ier

Vv

(A1 — ABy — uBy — vv/By)||f||
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and

I ATAf+ Y Tl = Y ATAf + ) TiTif = ) ATA]

ieo¢ ieo ieN ieo ieo
< P AT+ 1Y TITf = ) AFAl
ieN ieo ieo
1
< Bill £+ A AFAI A+ pl S TITf I+ (O A1)
i€o ieoc i€eo

< (By+ABy+ uBy + v/ B1)|f]l-

Therefore, A and I" are g-woven frames with the universal lower and upper bounds

(A] — ABy — uBy — vy/B1) and (By + ABy + uBy + v+/B1), respectively. O

Theorem 3.6. For i € I, let A; = {Aj}es be a family of g-frame for U with respect
to {V; : i € I} with bounds A; and B;. Forany o C Jand afixt € I, let P{(f) =
Y AGAiif — ) AAyf fori # tIf Py is a positive linear operator, then the family of
jeo jeo

g-frames { A\; }ic is g-woven.

Proof. Let {0;};c| be any partition of . Then, for every f € U, afixt € I andj € o;,

we have

Y (AGAGE ) = Y (AjAif =PI (). f)

j€o; €T
< ) (AjAif, f) (As P is a positive linear operator )(3.8)
jeoi
Now,

Af ) < Y ANGAGS f)

= ]i (NG, f) + ot .EZU'(AZ‘]-AU- frf) 4t EZU; (ALNGS. f)

< ]‘21<AL-A1]- f,f)+.. +]Zl (NGNGf ) + o +]£ (ApiAmif. ) (Using (3.8))
< ](eBall+...+Bi+...+Bm])€<;,f> o

= ;Bi<f/f )
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which implies

A f) <Y Y ANGAGS, f) <) Bilf. ).

icljeo; icl
O

Theorem 3.7. For each j € [m], let A; = {Aj}ic be a family of g-frame for U with
bounds Aj and B;. Suppose there exists K > 0 such that

YA = Aa) f, (MNij = M) )Nl < Koninc O (A, AL Y KA f, Aaf) Il

icJ ie] ie]

G, 1 eml,j#1)

forall f € U and for all subsets | C I. Then the family of g-frames {{Ajj}ic1 : j € [m]}
L A
j€lml]

and Z B;.
2(m—1)(K+1)+1 Pt ]

is woven with universal frame bounds
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Proof. Let {0j}jc|, be any partition of I. For the lower frame inequality, we have’

Y Al O

j€m]

= All{f, Ol + o + Al (f, A
<Y A f, Aa Il + o+ Y I Ainf s A )]

_ <2 [{Anf, Al + . +2 {Anf, Anf)l) +
H 2 o B+t ¥ af Ao
< [; || Anf, Anf)ll+2( lel Umzl_ An)f, (A l+ L IKAef, Aaf)ll) +
2(F (A~ A Eiﬁ A+ T i, A ) ||1)€]02+
LT A~ A |+ii At Al +
(z o A (o A I+ T Hnf Ay )
> r’|n<zl\imf, A m
< [ifnu (af, Mafl+2(K T 1Aaf, Aaf)l+ ¥ IKaaf, Azfl) +
V2K X 1t A 4 5 Wf, A1)
Lk 2 lAaf, Auf) +2 A f, Anf)l) +
KZ At A1) A T 1w f A1)
b U haf, A o
- zn (Baf Aafll++ T Wbt A
o= D2 DX WA Anf)l 4+ Tl if, A )

— [2( m—1)(K+1) +1} 2 Z” Aijf, Al]f

ZEU

for all f € U. From Proposition 4.1, we know that {{A;;}ic; : j € [m]} satisfies

upper frame inequality with universal upper frame bound Z B;. Hence, for all
j€lm]
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f € U, we have

2 A
s TAIS T DIt aifl < ¥ Bl

j€[m] i€o; j€m]

The proof is completed. O

Proposition 3.3. Let {Ajj}ic je|m) be a family of woven g-Bessel sequence for U with
respect to {V; : i € 1} and with g-Bessel with bound B. Then, {\ijT }icyje(m) is also
woven g-Bessel sequence with bound B||T||? for every T € L(U).

Proof. Suppose {Ajj}ic jem be a family of woven g-Bessel sequence for ¢ with
respect to {V; : i € I} and with g-Bessel bound B. Then for any partiotion {0;}c(u

of I, we have

m

Z{Zmijf//\ijf) < B(f,f).
j=1ico;
Now
i,Z<Aiij,Aiij> < B(Tf,Tf)
j=li€a;

< B|TI*{f. f)-

]

Theorem 3.8. Let {Ajj}icyjec(m be a family of g-frame for U with respect to {V; :i € 1}.

Then {Aij}icr je(m is a woven g-Bessel sequence with bound D if and only if

I Z Y (NGif Msf)I S DIFIZ Y feu

j=lieo;
holds for any partition {0;}ic () of I.

Proof. (=) Obvious
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On the other hand, we define a linear operator T: U/ — @ V; by
icl

Tf = i Y Ajjfeij

j=li€g;

for any partiotion {0 };c,, of I, where {eij}ieaj,je[m] are the standard orthonormal
basis for V;.

Then

m

ITAI? = KT, TAHNI = 1) Yo (Aif, Aghll < DI

j=lieo;

which implies that | Tf|| < v/D| f||. Hence T is bounded. It is obvious that T is

A-linear. Then by Lemma 3.2, we have

(Tf,Tf) < D(f, f)-

m
Equivalently, Y Y (Ajif, Aijf) < D(f, f), as desired. O

j=lieo;
Example 3.2. Let A = (*°,U = Cy the Hilbert A-module of the set of all null sequences
equipped with the A-inner product

(u,0) = uv™ = {u;jo; }721 = {uivi}i2,
foranyu = {u;}°, € Uandv = {v;}>, € U.
Letj € | = Nand define A; € B(U) by Ai{fi}ieN = 19iifi}tien, Vifitieny € U

Let A = {A]-};?‘;l and T = {I’j}]?”:l be defined as follows:

{Ai2 = {A1+ A2, A1+ 4,0,0,0,..}
{T}2; = {0,0,43 Ay As,...}

Let f = {aq, a0, 03, 04,05, ...} € H. Then (f, f) = {m1a], a0y, azal, agny, ...} Here

partial ordering ' <’ means pointwise comparision.
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For any subset o of N, we have

Y AN A+ Y (Uf,Tif) <2(f, f).

jeo jeot

On the other hand, it is clear that

< YN A+ Y T T

jeo jeoe

Hence A and T are woven g-frames with universal lower and upper frame bounds 1 and 2,

respectively.

Theorem 3.9. Let A = {A;};.N be a g-frame for U with respect to {V; : i € N} with
upper and lower g-frame bounds A and B, respectively. Suppose S is the g-frame operator
of A; such that S~1A; is self adjoint for all i € N. Then {A;}, N and {A;S™ 1}, y are

woven g-frames for U.

Proof. Let o be any partition of N. Since S—land S‘lAi are self adjoint, we have

Alf. f) = '%<Aifr/\if>

= Z<AfAzf +Z zfAf

i€ ieo*

= Y (A Af)+ Y (SSTIAf,SSTIAf)

< LS AL+ ) ISIPSTIAS, STA)
< LAASAS) + B (ST F, (T )
= YAASAf) + B Y (AFSTU, AT

max{1, B2} (A S, Af) + Y (ATSTLf ATSTL)).

1<l ieo¢

IA

A
Thus, min{ A, ﬁ}is a universal lower g-frame bound. To find a universal upper

54



g-frame bound, we compute

Y ANf Af) + Y (AFSTHLAISTH) =

ic€o ieot

IA

IN

IN

<

YANf Af) + Y ((STIA)f (STIAN) )

LS AS) + (S5 A
Z<Aif/Aif> + _ZC ISTHIZ (A, Af)
YUAS )+ 5 LA )

max{l, 7z} L0, A

1
Bmax{1, o Hf, f).

Hence, {A;},.y and {A;S™1}._ are woven g-frames for U with universal lower

g-frame bound min{ A4, ?} and universal upper g-frame bound max{3B, %} O

3.3 Conclusions

In this chapter, we extended the concept of weaving frames to weaving g-frames

in Hilbert C*-modules and defined woven g-frames in Hilbert C*-modules and

developed its fundamental properties. We established sufficient conditions under

which two g-frames possess the weaving properties. We also investigated the

sufficient conditions under which a family of g-frames possesses weaving proper-

ties. We also established the equivalent definition for woven g-frames in Hilbert

C*-modules.
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CHAPTER 4

Weaving K-frames in Hilbert C*-modules

In [34], F. Ghobadzadeh et al. studied and investigated various fundamental
properties of weaving frames in Hilbert C*-module. As K-frames and standard
frames differ in many aspects, we introduce the concept of weaving K-frames and
an atomic system for weaving K-frames in Hilbert C*-module. In this chapter, we
study weaving K-frames from an operator theoretic point of view. We give an
equivalent definition for weaving K-frames and characterize weaving K-frames in
terms of bounded linear operators. We also investigate the invariance of woven

Bessel sequence under an adjointable operator.

4,1 Introduction and Preliminaries

Deepshikha and Lalit K. Vashisht [55] studied weaving properties of K-frames
in Hilbert space and presented necessary and sufficient conditions for weaving
K-frames in Hilbert space. They have also shown that woven K-frames and weakly
woven K-frames are equivalent.

Now we recall some basic definitions from the literature.

Definition 4.1. [49] A sequence {;} ey of elements in a Hilbert A-module H is said to
be a K-frame (K € L(H)) if there exist constants C, D > 0 such that

C(K*f,K*f) <Y (f, 9;){(9j, f) < D(f, f), ¥V f e . (4.1)

i€l

Definition 4.2. [55] A family of K-frames {{¢;j}jc; : i € [m]} for H is said to be

K-woven if there exist universal positive constants A and B such that for any partition

56



{0i}icpm of N, the family | ) {¢i}jeo, is @ K-frame for H with lower and upper K-frame
i€[m]
bounds A and B, respectively. Each family U {#ii}jeo, is called a weaving.

ie[m]
Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner
product to take values in a C*-algebra rather than in the field of real or complex

numbers.

4.2 Main Results

We define weaving K-frame in Hilbert C*-modules.

Definition 4.3. Let H be a Hilbert A-module over a unital C*-algebra. A family of
K-frames {{ f;j }?‘;1 i € I} for H is said to be K-woven if there exist universal positive
constants A and B such that for any partition {0;}icr of N, the family | J{fij}ico, is a

iel

K-frame for H with lower and upper K-frame bounds A and B, respectively. Each family
U{fij}jeo, is called a weaving.

i€l
The woven frame is called tight woven frame if A = B and it is called normalized
woven tight frame if A = B = 1.

For any partition {c;};c; of N, we define the space as

@62(01') = {{cij}jemictleij € A YY) cijcj; converges in || - a4}

iel i€l jeo;

with the inner product

{eijtiea et dij}jemier) = Y Y cijds;

icl jeo;

Let the family of K-frames {F; = {fjj}jcj : i € I} be woven for H, for any
partition {c;}icr of ] and W = {f;;}jcs,icr be a K-frame for #, then we have

the corresponding synthesis, analysis, and frame operator as follows:
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The operator Ty : P ¢*(0;) — H defined by

icl

Tw({cij}icrjec; = Y. TrDo({cij})

il
= LY ciify (4.2)
iel jGUl‘
is called the synthesis or pre-frame operator, where TF, is the synthesis operator of F;
and Dy, is a |J| x |]J| diagonal matrix with d;; = 1 for j € ¢; and otherwise 0.

The adjoint of Ty is

(f, Twicij}icrjes; = <frzzciffij>

icl jeo;

= Z; Y cilf fip): (4.3)
i€l jeo;
= (f, Tw{cijy) = {{f. fip b {eij})
= Ty (f) = {{f fij) bieLjeo:
The adjoint operator T}, : H — €P ¢*(0;) is given by

icl

Ti(f) = Y. DsTE"(f)

icl

= {{f. fij) bieLjeq, (4.4)

and is called the analysis operator.

By composing Ty and T}, we obtain the frame operator Sy : H — H

Sw(f) = TwTiw(f)
= (3 TrDo,)(}_TrDe,)"

icl icl

= Y ) {f fi)fiy (4.5)

icl jeo;

We now state some of the important properties of the synthesis, analysis, and frame

operator of weaving K-frames in Hilbert C*-module.

Lemma 4.1. Let {{fj;j};2, : i € I} be awoven Bessel sequence then the synthesis operator

Tw is linear and bounded.
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Proof. Let {{fij}?2; : i € I} be a woven Bessel sequence with universal Bessel
bound B.

Now,

Tw({/\cij + d;‘j}) = Z Z (/\Cij + dij)fij

iel jE(Ti

= ) ) Aciify+). ) dijfi

icljeo; icl jeo;
= ATw({cij}) + Tw({dij}). (4.6)

and

ITwfl? = I(Twf, Twf)|
I{TwTw f, )l

1{Swf, F)l
< BJfII* (4.7)

= [ Twfll < VBIfll.

Hence, the synthesis operator Tyy is linear and bounded. O

Lemma 4.2. Let {{fij}32; : i € I} be woven frame for H with universal bounds A and

B. Then the frame operator Syy is self adjoint, positive, bounded and invertible on H.

Proof. Since S}, = (TwT}y)* = TwT;y = Sw, the frame operator Sy is self adjoint.
Let {{fij}?2; : i € I} be woven frame for 7 with universal bounds A and B.

Let f € Hand Sy (f) = )_ Y (f, fij) fij then

icljeo;

(Swf, f) = <Z Z<fffl]>fl]’f>

icljeo;
= Y Y fidfig, -
icl jeo;
= A(f,f) < (Swf.f) < B(f.f)
— AI < Sy < BI.
Therefore, the frame operator Syy is positive, bounded and invertible. O
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We now give an example of woven K-frames in Hilbert C*-module.

Example 4.1. Let H = Cy be the set of all sequences converging to zero and let K
be the orthogonal projection of H onto span{ej}}?‘;3. For any u = {”j};‘il € H and
v = {vj}]?”zl eH,

(u,0) = uo" = {uw;}32,.
Let ¢ = {¢1j}724 € Hand p = {¢o;}72, € H be defined as follows:

{(Plj};o:l = {0/ 63/ 0/ 841 0I 65/ 0/ 66,...}

{4)2]};021 = {01 €3,€3,€4,¢4, 65,65, 66,66, }/

where {ej};";l be the standard orthonormal basis for H.

Let f = {a1, a0, 03,04, 05,...} € H. Then (f, f) = {a1a], vo0y, a3}, aga, ...}

For any subset o of N, we have

o0

Y (f 1)1 £+ Y (f ) (i £) < 2) (f ei) e f) = 2(f, f).

jeo jeoe j=1

On the other hand, let f € H. Then f = szje]-. Thus, we have
=1

(K*FKf) = <K*<f’°i1wjej>,z<*<flajej>>
j= j=

o0 (o)
= (2 ajej ) ajey)
j=3 j=3

= L))
]:

< Y0 f) + 3 (F 92) (o, f)-
jeo jeoe

Hence ¢ and ¢ are K-woven frames with universal lower and upper frame bounds 1 and 2,

respectively.

We now introduce a woven atomic system for weaving K-frames in Hilbert C*-

module.
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Definition 4.4. The sequence {{ f;j ]?";1 :i € I} of H is said to be a woven atomic system

for K € L(M), if for any partition {0;}icr of N, the family | J{ fij}jco, is a woven atomic
i€l

system for K, i.e. the following statements hold:

(i) The series Y | Y cjjfij converges for all {c;j}icq,ic1 € (*(A).
iel jE(Ti
(ii) There exist C > 0 such that for every f € H, there exists {a;; ¢} jeq,ic1 € (*(A) such

that ) 3 aijpajy o < C(f, f) and Kf =3 - ayirfiy.

iGIjEU’i iGIjEU’i

Theorem 4.1. If K € L(H), then there exists a woven atomic system for K.

Proof. Let {{fij}2; : i € I} be a standard normalized woven tight frame for H
with universal frame bound A = B = 1.

Since

=YY f. fipfi

icljeo;

We have

Kf =YY (f fi)Kfij-

i€l jeo;
For f € H, a;5 = (f, fij) and g;j = Kf;;

Y o) (fogip) (& f) = Y Y Kfip) (Kfij, f)

icljeo; icl jeo;

= L YAK i (f K F)

icl jeo;
= (K*f,K°f)
< KL f).

Therefore, {{gij}2; : i € I} is a woven Bessel sequence for H with Bessel bound

|K*||? and we conclude that the series ) _ ) _ ¢;igij converges for all {¢;j}ico,icr €
icl jeo;

2(A).
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We also have

Zzaij,f”?},f = Y Y Affiplf )

icl jeo; icl jeo;

= (f.f)

which completes the proof. O

Since it is more convenient to work with an equivalent definition of weaving K-
frames in Hilbert C*-modules, we would like to introduce an equivalent definition
in the following result. We quote the following results from the literature that will

be used in our work.

Theorem 4.2. [26] Let F,H, K be Hilbert C*-modules over a C*-algebra A. Also let
Se L(K,H)and T € L(F,H) with R(T*) orthogonally complemented. The following
statements are equivalent:

(i) SS* < ATT* for some A > 0;

(ii) there exists y > 0 such that ||S*z|| < ||T*z|| forall z € H;

(iii) there exists D € L(IC, F) such that S = TD, i.e., TX = S has a solution;

(iv) R(S) € R(T).

Theorem 4.3. For any partition {0;}ic; of N, let the family Ujc { fij }jco, be a woven
Bessel sequence for H and K € L(H). Suppose that T* € L(H,(*(A)) given by
T*(f) = {{f, fij) }ie1jeo, and R(T*) is orthogonally complemented then the following
statements are equivalent:

(i) The sequence {{ f;; e I} of H is a woven atomic system for K.

(ii) There exist A, B > 0 such that

AR FIIZ < 13 Yo F fid i 1 < BIFIZ

icljeo;

(iii) There exist D € L(H, (?>(A)) such that K = TD.
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Proof. (i) = (ii) For every f € H, we have

IKfIl = sup [[{g, K"}l
lgl=1

= sup [|(Kg, f)
lgl=1

Since {{ f,]};’il : i € I} is a woven atomic system for K, there exist C > 0 such that
for every g € H, there exist ag = {a;j 4 }jco,ic1 € ¢*(A) for which ) " )~ Ajj g% o <

icl jeo;
C(g,g)and Kg =Y " Y ajj,fij.
icljeo;
Therefore,
IK*fII* = sup [|(Kg, f)II?
Igll=1
= sup (Y aijefii O
lgll=1 ieljeo;
= sup || Y Y aio(fii A)II
Igll=1 icljeo;
< sup | Y ai P Y Y (i O
Igll=1 i€ljeo; i€l jeo;
= Sup szaljgaz]gunzz ffl] fl]’ |
lgll=1 ieljeo; iel jeo;
< sup Cl{&, ) I Y (f fip) (fii Ol
llgll=1 iel jeo;
= sup Clgl?IY Y (f fii) (fiis Pl
lgll=1 i€l jeo;
= CIY. Y (f fip) i Ol (4.8)
icl jeo;

which implies — ||K fl? < B (f, fii) (fiis £O1I-

icl jeo;
Moreover, {{fj}7*, : i € I} is a woven Bessel sequence for . Hence (ii) holds.

(ii) = (iii) Since {{fj};2, : i € I} is a woven Bessel sequence for 7, we get

T({ei}) = Y. )  eijfii

icl jeo;

= fz]
where {ej;}jc, ic1 is the standard orthonormal basis for £2(A).
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Therefore, for every f € ‘H

AR A2 < T Yo AF fi) fig Pl

icljeo;

= 1) X (F T{ei}) (T{eih )

iel jEU’i

= I AT f {eii}) (eih, T A

icl jeo;

= [IT*fII*

By using Theorem 4.2, there exist an operator D € L(H, ¢*(A)) such that K = TD.

(iii) == (i) For every f € H, we have

Df = Y.) (Df ej)ej

i€l jeo;

— TDf = ) ) (Df,e;j)Tey. (4.9)

icljeo;

Leta;; r = (Df,e;j), so forall f € H, we get

2 Z a,-]-,fa?‘]-/f = 2 Z <Df,€i]'><€j]', Df>

icljeo; icl jeo;
= (Df,Df)
< [IDI*{f. £)-

Since the sequence {{ f,]};";l : i € I} isawoven Bessel sequence for 7, we conclude

that {{fj;}2, : i € I} is a woven atomic system for K. O

Corollary 4.1. Let {{fjj}2; : i € I} be a woven frame for H with universal frame
bounds A,B > 0and K € L(H). Then {{f; hEREEC I} is a woven atomic system for K

with lower and upper frame bounds and B, respectively.

AZHIK]?
Proof. Let S be the frame operator of {{f;; 2yciel }.
Since {{S'f; 2iiie I} is a woven frame for H with bounds B!, A=! > 0 and
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f=Y_ Y (f fij)S ' fij forall f € H.

icl jeo;

IK*fII* = sup [[(K*f,&)I
lgll=1

= sup (X Y (f. fipK*s7 i, &) 1P

lgl=1 icljeo;

= sup |2 Y (F fid(K*S7 fiy, )17

Igll=1 " iel jeo;

< swp | A IS K (ks s (s kgl
gll=1 ieljeo; teljeo;
< sup AT T4 Ui K
gll= iel jeo;
< sup AT X0 NI
gll= i€l jeo;
= ATKIPIE S ) i )]
1€l je0;
which implies
KA < IS DA Ui < BIAIP

and shows that the condition (ii) of Theorem 4.3 hold.

Therefore, {{f;j}?2; : i € I} is a woven atomic system for K with lower and upper

1
frame bounds AT and B, respectively. O

Corollary 4.2. Let {{f;j}?2; : i € I} be a woven atomic system for K. If K € L(H) is

onto, then {{fij}2, : i € I} is a woven frame for H.

Proof. As we know, K € L(H) is surjective if and only if there exists M > 0 such
that

MIIfIF < IKEfI V f € H. (4.10)

Since {{ fi]-}]?”:l : 1 € I} is a woven atomic system for K, so there exists A,B > 0

such that

AIKFIP < 13 oA fid i O < BIFIP (4.11)

icl jeo;
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for any partition {0;};c; of N.

By using (4.10) and (4.11), we get

AMP||FIP < 1Y Yo (F fid (i I < BIIFIIP

i€l jeo;

which completes the proof. O

Proposition 4.1. Let {{fjj};; : i € I} be a family of K-frames for H with K-frame
bounds A; and B;. Then, for any partition {0} }ic; of N, the family |_J{ fi;} jeo, is a woven

i€l
Bessel sequence with Bessel bound Z B;.
icl

Proof. Let {0;}ic; be any partition of N. Then, for any f € H

Y. Y fiplfi /) < 3 Y fiplfi )

icl jeo; iEIjeN

< Y.Bilf.f)
i€l

O

The following theorem gives a characterization of weaving K-frames in terms of a

bounded linear operator in Hilbert C*-module.

Theorem 4.4. For each i € I, suppose {{f;j}32; : i € I} is a family of K-frames for H
with bounds A; and B;. Then the following conditions are equivalent:

(i) The family {{f;;}32, : i € I} is K-woven.

(ii) There exist A > 0 such that for any partition {0; };c1 of N, there exist a bounded linear
operator My : 1?(A) — H such that

fi, JEO
f, jEO®
fmj/ ]E Om

and AKK* < MM, where {e]'}]?"’:1 is the standard orthonormal basis.
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Proof. (i) = (ii): Suppose A is a universal lower K-frame bound for the family
{{fij}24 : i € I}. For any partition {0;}ic; of N, let T, be the synthesis operator
associated with the Bessel sequence | J{fij} jco;-

Choose M, = T,. <!

Then My (e;) = Ty (ej) = fij, Vi€ I,j € 0.

Now,

AK*f,K°f) = A(KK'f,f)

L LU fib i)

iel jeo;

%(f,Ma(ej)HMa(e]')/f)

je€

=) (M:f,e;){ej, Myf)
jeN

= () (Myf ep)e;, Myf)
jeN

= (Mgf, Msf)

= <M(7'M(>7k'f/f>'

IN

This implies AKK* < M,M.
(ii) = (i)
Let {0; }ic; be any partition of N.

Now,

AKK'f, f) < (MoMgf, f)
= (Mgf, Msf)

= ) (M:f,ej)(ej, Myf)
jeN

= 2 2 Af f)(fii )

icljeo;

This gives the universal lower K-frame bound A. And by Proposition 4.1, Z B;is
i€l
one of the choice of an universal upper K-frame bound. O

In the following result, we investigate the invariance of the woven Bessel sequence
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under an adjointable operator.

Lemma 4.3. Let H be a Hilbert A-module and {{f;}7*, : i € I} be a family of woven
Bessel sequences with universal Bessel bound D. Then {{Mf; i riel } are a family of

woven Bessel sequences with universal Bessel bound with D||M*||? for every M € L(H).

Proof. Suppose {{f;j}32; : i € I} are woven Bessel sequences with universal Bessel

bound D, then we have

Y Y f il f) < DU

icljeo;

for any partition {0;};c; of N.

Then for any f € H,

Yo ) (f Mf)(Mfi, ) = Y Y (M S, fii) (fij M* )

icljeo; icl jeo;
< D(M'f,M'f)
< DIMI(f. f).
This completes the proof. O

In the following result we study the action of an operator on a K-woven frames.

Proposition 4.2. Let {{f;;}?2; : i € I} be a family of K-frames for H. Then the following
statements are equivalent:

(i) {{fij}21 + i € I} is K-woven.

(i) {{Ufij};24 « i € I} is UK-woven for all U € L(H).

Proof. (i) == (ii) : Let {{f; oyriel } be a family of K-frames for H with
universal frame bounds A and B.

Let {0;}ic; be any partition of N. Then for any f € #H, we have

Yo ) (foufipUfiy f) = Y Y (U, fi)(fij, U f)

icl j€a; icl jeo;
BU f,U"f)
BIIU*(*(f, f).

IN

IN



Similarly, for any f € H we have

Y. Y (fufiplufy fy = ) Y (U, fip{fi, U f)

icljeo; icljeo;

A(K*U*f, K*U* f)

v

> A((UK)"f, (UK)*f).

Hence, the family {{Uf;; 2qiel } is UK-woven with universal frame bounds
A and B||U*||%.

(ii) = (i) : The family {{f; 2yciel } is K-woven if we choose U = I, the
identity operator on H. O

In the following example, we show that if ¢ and i are K-frames for H such that
U¢ and Uy are UK-woven for some U € L(H). Then, in general ¢ and 1 are not

K-woven.

Example 4.2. Let H = Cy be the set of all sequences converging to zero and let K be the
orthogonal projection of H onto span{e;}=>,.
Let ¢ = {¢1j}724 and = {¢2;}32, be defined as follows:

(PE{(,blj}]?o:l = {0,61,0,62,0,63,0,64,0,65,...}

lPE{(l)z]};o:l - {61/016210163163164164165165/---}

where {e]-}]?”:l is the standard orthonormal basis for H. Then, ¢ is K-frame for ‘H with
lower and upper frame bound 1. One can easily verify  is also K-frame for H.

Let f = {aq, a0, a3, 004, 205,...} € H. Then (f, ) = {mia], a0, azal, agn, ...}

Let U be the orthogonal projection of H onto span{ej};?‘;:s. To show that U¢ and U are
UK-woven frames for H, first we note that

Up = {U(¢1j)}i21 = {0,0,0,0,0,¢3,0,¢4,0,¢5,0, ...}
Uy = {U(¢2)) }i21 = {0,0,0,0, 3, €3, 4, €4, €5, 5, ... }.
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For any subset o of Nand f € H, we have

Y (f Uy (Ugnj, f) + Y (f, Ugoj) (U, f) if ej)(ej, f) =2(f, f)

jeo jeoe

o0
On the other hand, let f € H and we can represent it as f =) _ ajej. Thus, we have

=1
((UK)*f, (UK)"f) = (U'f, Uf>
= (u*( Zoc]e] ), U*( Zoc]e]
= <; oc]l,l*e],gloc]u*e]>
= (L e ) wej)
j=3 j=3
= ;(f/€j><€jrf>
i=
< LU (U, f)+ ) (f, Uay) (Ug, f)
JET jeo*e

Hence, U¢p and U are UK-woven frames with universal lower and upper frame bounds 1
and 2, respectively.

Now to show that ¢ and  are not K-woven, we choose o = N\{2,4}. Then the family

{(pl]-}jea U{(sz}jeac ={0,0,0,0,e3,0,e4,0,¢s5,...} is not a K-frame for H, since for any
A > 0, we have

Y (e, i) (Prjea) + ) (ea doj) (daje0) = ) (ea,ej)(ej e2)

jeo jeoe j>3

= 0
So, there exist no A > 0 such that

Y (e2, drj)(¢rjea) + ) (ea, o) (daj e2) > A(K'ep, K*er)

jeo jeoe
holds. Thus, ¢ and ¢ are not K-woven.
Theorem 4.5. Let K € L(H) and {{f;;}32; : i € I} be K-woven for H. If T € L(H)
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with closed range such that R(TK) is orthogonally complemented and K, T commute with
each other. Then {{T fij}]?’il 2 i € 1} is a K-woven frame for R(T).

Proof. Since T has closed range then T has Moore-Penrose inverse operator T' such
that TT'T = Tand T'TT" = T*. So TT" |g(7) = Ig(ryand (TT')* = I* = I = TT".
For every f € R(T), we have

(K*f,K*f) = ((TT")'K*f,(TT")"K*f)
< (T IHTK*f, T*K* £)

This implies that
I(TT)*|| 2(K*f,K* ) < (T*K*f, T*K* f). (4.12)
As R(T*K*) C R(K*T*), by using Theorem 4.2, there exists some A" > 0 such that
(T*K*f, T*K*f) < A (K*T*f, K*T* f). (4.13)
Since {{f;j 2yiiel } is K-woven with universal bound A and B, we have

YN f TTSii f) = Y Y AT, fid i, T )

icl jeo; icl jeo;
> A(K*T*f,K*T*f)

> Z(T*K*f, T*K*f)  (Using (4.13))

[ > >

> ST 72K F, K f) (Using (4.12)

>

On the other hand by Lemma 4.3, {{Tf;; ]?’il :i € I} is a woven Bessel sequence.
Hence, {{Tfjj};2, : i € I} is a K-woven frame for R(T). O

We need the following Theorem to prove our next result.

Theorem 4.6. [54] Let E be a Hilbert module, A, By, By € L(E) and R(B1) + R(By) is

closed. The following statements are equivalent.
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(1) R(A) C R(By) + R(By);

(2) AA* < A(B1B} + ByB3);

(3) There exist X,Y € L(E) such that A = B1X + ByY .

Theorem 4.7. Let {{f; hEREAS I} and {{gij}]?“’zl :i € I} be two K-woven frame for
H. Let Ly and Ly be defined as Ly, Ly: 1>(A) — H, Liejj = fij and Lye;; = g;j and
R(K) € R(L1), R(K) € R(Lz), where {e;j}jco,ic1 is the standard orthonormal basis
for 1(A) and {0;}ic1 be any partition of N. If L1 L3 and Ly L} are positive operators and
R(L1) + R(Lz) is closed, then {{fij + gij}2 : i € I} is a K-woven for H.

Proof. By the hypothesis we have

Lieij = fij, Laeij = gij, R(K) € R(L1) and R(K) C R(Ly).

So R(K) € R(L1) 4+ R(L;), and by Theorem 4.6 we have

KK* < A(LyLj + LoL3)

for some A > 0.

Now, let {0;}c; be any partition of N.

ZZ f1]+g1]> fl]+81]zf>

icl jeo;

= Z Z (f, L1eij + Loe;; ) (Lieij + Loejj, f)

icl jeo;

=Y ¥ (f, (L + La)eij) (L1 + Lo)ey, f)

icljeo;

=YY ((L1+Lo)"f,eij)(eij, (L1 + L) f)

icl jea;
= ((L1+ L2)*f, (L1 + L2)"f)
= (L1 + Lo)(L1 + L2) £, f)
= ((L1+ L2)(L] + L3)f, f)
= ((LiL] + L1L3 + LoLy + LoL3)f, f)
> <L1LT + LoL5f, f) (As LiL3 and L,L7 are positive operators )
(KK, f)

= —(K*f,K*f).

>—\>|

>
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For the upper bound, let {{fz]};il :i €I} and {{gij}]?”:l : 1 € I} be two woven
Bessel sequences with Bessel bound B; and B;. Then it is easy to see that {{ fij +
8ijti=y + i € I} is a woven Bessel sequence with bound By + B;. And hence,

{{fij +8ij};2, : i € I} is a K-woven for . 0

Theorem 4.8. Fori € I, let F; = { fl]}j’“’:l be a family of K-frames for H with bounds
A;jand B;. Forany o C Nand afix t € I, let P7(f) = Y_(f, fii) fif — Y_{f. fij) fij for
jeo jeo

i # t. If P{ is a positive linear operator, then the family of K-frames {F; }c1 is K-woven.

Proof. Let {0;}ic; be any partition of N. Then, for every f € H, a fix t € I and

j € 0;, we have

Y )i /Y = XA feid foin )

. = <].§<frﬂj>fij — P (f).f)
< <]§ (f, fi)fii f)  (As P! is a positive linear operator )
= ]eijf Sij) fijs f)- (4.14)
Now,
AK*f, K f)
< j;(frfiﬁ(fijrﬂ
= Y Affidf )+ ﬁ‘<f/ftj><ftj'f> +ot Y fi) (i f)
SJ%E: o frid (frjo £+ Jrjei (o i) {Sijs £+ JFJG% (f7 fmj) {fmj. f) (Using (4.14))
gjfgl + ot Bt ot Bm)];r,iﬁ o
= iEZIBKf,f)

which implies

ALK F K ) < YN F i (i f) < Y. Bilf, f).

iel jeo; iel

73



4.3 Conclusions

As K-frames and standard frames differ in many aspects, we introduced the con-
cept of weaving K-frames and an atomic system for weaving K-frames in Hilbert
C*-module. In this chapter, we studied weaving K-frames from an operator theo-
retic point of view. We gave the equivalent definition for weaving K-frames and
characterized weaving K-frames in terms of bounded linear operators. We also
investigated the invariance of the woven Bessel sequence under an adjointable

operator.
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CHAPTER 5

Controlled K-frames in Hilbert C*-modules

This chapter introduces the notion of controlled K-frame in Hilbert C*-modules.
We establish the equivalent condition for a controlled K-frame. We investigate
some operator theoretic characterizations of controlled K-frames and controlled
Bessel sequences. Moreover, we establish the relationship between the K-frames
and controlled K-frames. We also investigate the invariance of a C-controlled
K-frame under a suitable map T. In the end, we prove a perturbation result for

controlled K-frame.

5.1 Introduction and Preliminaries

In 2014, Najati et al. [49] introduced the concepts of an atomic system for operators
and K-frames in Hilbert C*-modules. Controlled frames have been the subject of
interest because of their ability to improve the numerical efficiency of iterative
algorithms for inverting the frame operator. In 2017, Rashidi and Rahimi [51]
introduced controlled frames in Hilbert C*-modules.

We recall some basic definitions from the literature.

Definition 5.1. [49] A sequence {1} ey of elements in a Hilbert A-module H is said to
be a K-frame (K € L(H)) if there exist constants C, D > 0 such that

C(K*f,K*f) <Y (f, 9;)(9j, f) < D(f, f), ¥V f € . (5.1)

i€l

Definition 5.2. [51] Let ‘H be a Hilbert C*-module and C € GL(H). A frame controlled
by the operator C or C-controlled frame in Hilbert C*-module H is a family of vectors
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{4;}jej, such that there exist two constants A, B > 0 satisfying
A(f,f) < 2 () (Cyy. f) < B(f, f), Y f e
i€l

Likewise, {4;}jc; is called a C-controlled Bessel sequence with bound B, if there exists

B > 0 such that
;<f,¢j><ctpj,f> <B{f,f), ¥V fEH,
j€

where the sum in the above inequalities converges in norm.
If A = B, we call {i;}jcj as C-controlled tight frame, and if A = B = 1t is called a

C-controlled Parseval frame.

5.2 Main Results

We define below the controlled operator frame or C-controlled K-frame on a Hilbert

C*-module H.

Definition 5.3. Let H be a Hilbert A-module over a unital C*-algebra, C € GL™ (H)
and K € L(H). A sequence {;}icy in H is said to be a C-controlled K-frame if there exist
two constants 0 < A < B < oo such that

A(CEK £, CIK* £) < Y U, ) (Cps, f) < B{f, f), ¥ f € M. (52)

€]

If C = I, the C-controlled K-frame {;}c is simply K-frame in H which was
discussed in [49]. The sequence {1;}c; is called a C-controlled Bessel sequence

with bound B, if there exists B > 0 such that

Y 0 (Cyi, f) <B(f,f), VfeH, (5.3)

i€l

where the sum in the above inequalities converges in norm.

We now give an example of C-controlled K-frame in Hilbert C*-module.
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Example 5.1. Let H = Cy be the set of all sequences converging to zero and {ej}}?‘;l be
the standard orthonormal basis for H.

Forany u = {u;}2, € Hand v = {v;}7*; € H
(u,v) = uv* = {u]-v}k}}?il.
We define {1; } i<y as follows:

{¥j}je) = {0,0,e3,e4,05, .. }.

Let K be the orthogonal projection from H onto span{ej}]?"’:3 and C € GL™ (H) be such
that

e1+e, i=1
Cle;) =

e;, otherwise

Let f = {ay, a0, a3, 004,005, ...} € H. Then (f, f) = {107, apa3, a3}, aga), ... }.

Now, for the upper bound, we have

Y (Fup(Cyy f) = (fes)(Cles), ) + (f.ea)(Cles), f) + (foe5)(Cles), f) + ...

j€l
= (f.es)(es, f) + (f,ea)(ea f) + (f,e5)(e5 f) + ..
< Y.(freple f)

j€l

{fr f)-
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On the other hand, f can be written as f = Z ajej. Thus, we have
j=1
(CIK'f,C3K°f) = (CK'f,K'f)
= (CK™ () ajey), K () aje))
j=1 j=1

= (C(L ), ) wjej)
j=3 j=3

o0 o0
= () aje, ) wjej)
=3 =3
o0

= Y (f.ep)le f)

j=3

Y (f v (Cwy, f).

i€l

IN

Hence {1;} ey is a C-controlled K-frame with lower and upper frame bound 1.

Let {¢;};cj be a C-controlled Bessel sequence for Hilbert module  over A.
The operator T: H — (?(.A) defined by

Tf={{f,¥j)}je, VfeH (54)

is called the analysis operator. The adjoint operator T*: ¢2(A) — H given by
T*({cj})jes = Y ciCyy (5.5)
j€]

is called pre-frame operator or the synthesis operator. By composing T and T*, we

obtain the C-controlled frame operator Sc: H — H as

Scf =T'Tf =) (f, ¥;)C. (5.6)

j€]

For the rest of the paper we indicate that S¢ stands for the controlled frame operator
as we have defined in (5.6), and S stands for the classical frame operator in Hilbert

C*-module H as defined in (1.9).
Lemma 5.1. Let C € GL*(#), KC = CK and R(C%) C R(K*C?) with R((C2)*) is
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orthogonally complemented. Then HC%sz <X HK*C%szfor some A" > 0.

Proof. Suppose R(C%) C R(K*C%) with R((C%)*) orthogonally complemented.
Then by using Theorem 4.2, there exist some A" > 0 such that

(C)(C2)" < N (K*CH)(K"CH)"

This implies that ((C2)(C2)*f, f) < A'((K*C2)(K*C2)*f, f).

Now by taking norm on both sides, we get
ICEAIP < Ak C2fP.

]

In the following theorem, we establish an equivalence condition for C-controlled

K-frame in a Hilbert C*-module H.

Theorem 5.1. Let H be a finitely or countably generated Hilbert A -module over a unital
C*-algebra A, {y;}jc; C H be a sequence, C € GL*(H), K € L(H), KC = CK and
R(C%) - R(K*C%) with R((C%)*) be orthogonally complemented. Then {;}jcs is a
C-controlled K-frame in Hilbert C*-module if and only if there exist constants 0 < A <

B < oo such that

AICIKFIP < | L (F ) {Coy N < BIFIP, V f € H. 5.7)

j€]

Proof. (=) Obvious.

Now we assume that there exist constants 0 < A, B < oo such that

A|CZK*FI2 < || SUF, 90 (Cyj, Il < BIIFIZ ¥ f € He

i€l

We prove that {1;};c; is a C-controlled K-frame for Hilbert C*-module H. As S
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and C are both positive operator, they are self adjoint. Thus we have

AICIK P < U ey P

j€J
= S, O)ll = INCSE AN = I1{(CS)2f, (CS)2f)|, as Sc = CS
= |(CS)f|> (5.8)

Since R(C%) C R(K*C %) with R((C% )*) is orthogonally complemented, then using

Lemma 5.1, there exist some A > 0 such that
IC2 )% < A'|K*C2 |
Multiplying both side by A, we get

A|CEHf|P < AN|[K*CEf|2
< A[(cs)2f|3,

which implies
A, 1 11
y||C2f||2 < ||s2Caf|?
A, 1 1.1
= y\lczﬂl < ||SzCzf. (5.9)

Now by using Lemma 3.1, we have

(S1C2f,81C1f) > @@ﬂc%ﬂ
= (CHCH) <\ otseh ).
Also

(CZK*f,CIK*f) < ||K*|[2(Cif,C3f)
< ||K*||2\/§<Scf,f>-
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This implies that

1 A

e\ v CK LG ) < (Scf. ). (5.10)

Since Sc is positive, self adjoint and bounded .A-linear map, we can write

(S2f,SLf) = (Scf, £) = YU, ) (Cipi, ),

i€l
and hence by using Lemma 3.2, there exists some B’ > 0 such that

(SLF,S2F) < B(ff)
— (Scf, f) < B(f,f), VfeH. (5.11)

Therefore from (5.10) and (5.11), we conclude that {¢;} ;< is a C-controlled K-frame

in Hilbert C*-module H with frame bounds ﬁ\ / % and B. O

1 1
Lemma 5.2. Let C € GL*(#), CSc = ScC and R(S2) C R((CS¢)?) with R((S2)*)
1
is orthogonally complemented. Then ||SZf||* < A|| (CSC)%szfor some A > 0.

1 1
Proof. By the assumption that R(S%) C R((CS¢)?) with R((SZ)*) orthogonally

complemented. Then by using Theorem 4.2, there exists some A > 0 such that

N —
=

(SE)(SH)* < A(CSA)H)((CSe)H)™.

This implies that

(SHSHF.f) < MUCSM(CS)?) F. f)
= |ISI? < A(CSQRfIP, ¥ f € H.

]

In the following theorem, we prove a characterization of C-controlled Bessel se-

quence.
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Theorem 5.2. Let {1;} ;e be a sequence of a finitely or countably generated Hilbert A-
module H over a unital C*-algebra A. Suppose that C commutes with the controlled frame
operator Sc and R(Sé) C R((CSC)%) with R((Sé)*) is orthogonally complemented.
Then {;} ey is a C-controlled Bessel sequence with bound B if and only if the operator
U: 2(A) — H defined by

U{aj}jer = Y a;Cyy

j€]
is a well defined bounded operator from (2(A) into H with ||U| < v/B|Cz].

Proof. Suppose that {¢);}c; is a C-controlled Bessel sequence with bound B. There-

fore we have

1Y (F ) (Cpi, AL = 11(Scf, £)ll < B|IfI% Y f € H.

j€l

We first show that U is a well-defined operator. Let 2 = {a;}c; and for arbitrary
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n > m, we have

n

n m
1Y aiCy;—Y aCyjl> = || Y aCyjl?
= j=1

j=m+1

= sup (¥ ey )

IFlI=1 j=m+1

— swp || X ajicy

IfI=1  j=m+1
< sup || Z (f, Co) (Cy, A Z aja; |
IflI=1" j=m+1 j=m+1
— sup (X (cupcy Al Y o
Ifll=1 j=m+1 j=m+1
< sup |[(CScf, )]l Z ajaj||
| |— ] m+1
= sup [[((CSc)f, (CS)2 )] Z aja |
I£1=1 jmm
< sup [[(CSc)f|?||al?
Il flI=1
< sup ||C|?|S2 f|| 2||a|?
I fll=1
1 1
< chlllplBHszHCZH2Hall2 = BJ|Cz|]?||a||*.

This shows that Zathp]- is a Cauchy sequence which is convergent in ‘H. Thus
j€]
U({a;}cy) is a well defined operator from ¢2(A) into H.
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For boundedness of U, we consider

IU{a}jefll* = sup [[{Ufa;}, I
If1=1

= sup ||} a;(Cyj, f)
IfII=1  jeJ

< sup || Y {f, Cy)(Cyy, ||| Yoaa]]

IflI=1 jeT j€]

= sup [[(}_(f, CynCyi AN L aafl
IflI=1  jeJ j€J

= sup |(CScf, )| Z”ia}kH
I FlI=1 Al

= sup [[((CSc)2f, (CSc)2 )| L ajaf]|
If11=1 j€l

— sup ||(CSc)2f*]|a))?
I fll=1

2
|

1 1
< Sup IC2[2SEf11*lall?
fll=1

1
< B|C2|?[|a|>
This implies that ||U]| < \/§||C%||

Now assume that U is well defined operator from ¢2(A) into H and ||U] <
VB|C 2 |. We now prove that {4);}c; is a C-controlled Bessel sequence with Bessel
bound B.

For arbitrary f € 7 and {a;} € £*(A), we have

(f.u{a;})y ={f.) aCy;)

j€]

= Z%a}kcf, $5)
j€

i€l

Therefore we get

(f,Ufaj}) = ({(Cf e} {a}).
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This implies that U has an adjoint, and U*f = {(Cf, ¢;) }. Also, ||U| = ||[U*]|.

So we have

U £ = |[(ue £, U )| = [{aurf, £l = [{CScf, £l
= [[(CSc) 2 12
< B||C2 ||| £~ (5.12)

1
By using Lemma 5.2, we have [|S2f[|2 < A||(CSc)?f]|? for some A > 0. Using
(5.12) we get

1 1 1
ISEFII> < AI(CSc)zfII> < AB|IC2 ||| £

Therefore {¢;} < is a C-controlled Bessel sequence with Bessel bound AB|| C? 2.

]

Proposition 5.1. Let {¢;}cj be a C-controlled K-frame in H. Then ACKK*I < S <
BI.

Proof. Suppose {;} ey is a C-controlled K-frame with bounds A and B. Then

A(CIK*f,CIKf) < LU 4)(Coy f) < B f <.
j€

= A(CKK'f, f) < (Scf. f) < B{f, f)-
= ACKK'I <S¢ < BI.

]

Proposition 5.2. Let {1;};cj be a C-controlled Bessel sequence in H and C € GL* (H).
Then {4;}e; is a C-controlled K-frame for H, if and only if there exists A > 0 such that
CS > ACKK*.

Proof. The sequence {¢;};c; is a controlled K-frame for H with frame bounds A, B
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and frame operator Sc, if and only if

A(CIK*f,CIK*f) < ;<f, i) (C;, f) < BUf, f), ¥ f € H.
j€

& A(CKK*f, f) < (Scf, f) < B(f, f).

& A(CKK*f, f) < (CSf, f) < B(f, f).

< ACKK*I < CS.

]

In the following two propositions we establish the inter-relationship between

K-frame and C-controlled K-frame.

Proposition 5.3. Let C € GL*(H), K € L(H), KC = CK, R(Cz) C R(K*C2) with
R((C2)*) is orthogonally complemented, and {;} c; be a C-controlled K-frame for H
with lower and upper frame bounds A and B, respectively. Then {;} ey is a K-frame for
H with lower and upper frame bounds A||C : | =2 and B||C 7 |2, respectively.

Proof. Suppose {¢;}jc; is a C-controlled K-frame for # with bound A and B. Then
by Theorem 5.1, we have

AICIK P < | o (F ) (Coy N < BIFIP, V f € H.

j€J
Now,
A[IK*f? = AllCZ C2K* ]2
< AlC3|2|CZ K £
< C2I X4 v ()l
j€]
This implies that

Al[CE IR 12 < I AF ) (95, )

i€l
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On the other hand for every f € H,

I _F e A =1{SF I

j€l

= [l(cicsf, f)ll

= [l{(c71C8)2f, (CTICS)2 f)]|
= [l(c7ICs)2f|?

< [CZ 2ll(Cs)z2 £

= [ICZ|2I((CS)2f, (CS)2f) |
= [ICZ |2 (CSf, £l

< |c7 |28 £

Therefore, {; };c; is a K-frame with lower and upper frame bounds A||C 2|2 and
B cz |2, respectively. O
Proposition 5.4. Let C € GL*(#), K € L(H), KC = CK, R(C2) C R(K*C?) with
R((C2)*) is orthogonally complemented. Let {1);};c; be a K-frame for H with lower and

upper frame bounds A and B, respectively. Then {1;}c; is a C-controlled K-frame for H
with lower and upper frame bounds A and ||C||||S||, respectively.

Proof. Suppose {;};c; is a K-frame with frame bounds A and B. Then by equiva-

lence condition [33] of K-frame, we have

AR FIZ < 1Y CF ) (w5, 1L < BIFI, V f € H.

i€l

Forany f € H,

A|CIK*fI? = A[K*CEf?
< I(C2f, ) (w;, CEA)|

i€l

1Y (CEF, )9, C2f) |

j€l
= |[(C2Sf,Cif)|
= |[(CSF, - (5.13)
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On the other hand for every f € H,

KCSE O = [IKSF.C Al

= (S£.CAl
< IISAIICsI
< [IChsHAe. (5.14)

Therefore from (5.13), (5.14) and Theorem 5.1, we conclude that {¢;}c; is a C-
controlled K-frame with bounds A and ||C||||S]|. O

Theorem 5.3. Let C € GL™(H), {¢;} e be a C-controlled K-frame for H with bounds

Aand B. Let M,K € L(H) with R(M) C R(K), R(K*) orthogonally complemented,
and C commutes with M and K both. Then {1;} ey is a C-controlled M-frame for H.

Proof. Suppose {¥;} e is a C-controlled K-frame for # with bounds A and B. Then

A(CIK*f,CIK"f) < YA f ) (Coy f) < BUf ), V f €], (5.15)

j€]

Since R(M) C R(K), from Theorem 4.2, there exists some A" > 0 such that MM* <
A'KK*. So we have

(MM*C2f,C2f) < A (KK*C2f,C2f).

Multiplying the above inequality by A, we get
A
N

From (5.15), we have

S(MMICEF,CHf) < YU 9))(Cyy f) < BUELF)L Y f € M.

i€l

(MM*C2f,C2f) < A(KK*CZf,Czf).

Therefore, {¢f;}c; is a C-controlled M-frame with lower and upper frame bounds

A
v and B, respectively. 0

In the following result, we investigate the invariance of a C-controlled Bessel

sequence under an adjointable operator.
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Proposition 5.5. Let {y;}c; be a C-controlled Bessel sequence with bound D. Let
T € L(H) and CT = TC. Then {T;}jc; is also C-controlled Bessel sequence with
bound D||T*||*.

Proof. Suppose {;};e; is a C-controlled Bessel sequence with bound D. Then we

have

Y (f, ) (Cej, f) < D{f, f), V¥ f € H.

j€l
Forevery f € H,
Z}(fz Ty;)(CTyj, f) = Z}(T*fr i) (TCy;, f)
Je j€

=Y AT f. 9 {Cy;, T"f)

j€l
<D(T°f,T°f)
< D|IT*|I*(f, ).

Thus {T;} e is also C-controlled Bessel sequence with bound D||T* [& O

Now, we investigate the invariance of a C-controlled K-frame under an adjointable

operator.

Theorem 5.4. Let C € GL™(H), K € L(H) and {4;} <y be a C-controlled K-frame for
H with lower and upper bounds A and B, respectively. If T € L(H) with closed range

such that R(TK) is orthogonally complemented and C,K, T commute with each other.
Then {Ty;}je; is a C-controlled K-frame for R(T).

Proof. Suppose {;} e is a C-controlled K-frame for H with bound A and B. Then

A(CIKf,C2K"f) < YU, {(Cyy f) < B, ),V f € H.

i€l

We know that if T has closed range then T has Moore-Penrose inverse T* such that
TT'T = Tand T'TT" = T*. So TT'|g(r) = Ig(r) and (TT")* = I* = [ = TT".
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We have

(K*C3f,K*Caf) = ((TTH*K*C3 f, (TTH)*K*C2 f)
< |(TH*|(T*K*C f, T*K*CE ).

This implies that
1(TH*(|"2(K*C2 f,K*C3 f) < (T*K*C3 f, T*K*C3 f). (5.16)

Since R(T*K*) € R(K*T*), by using Theorem 4.2, there exists some A" > 0 such
that

(T*K*C3f, T*K*C2f) < A'(K*T*C2f,K*T*C3 f). (5.17)
Therefore, using (5.16) and (5.17) we get

Y {f, T (CTyj, ) = Y (T f, ;) (TCy;, f)

j€l jel

= Y AT f, ) (Cypy, T*°f)

i€l
> A(CIK*T*f,CK*T*f)
> AN (T*CZK*f, T*C2K* f)
> AN'||(TY)*|| (CEK*f, CIK* f).

This gives the lower frame inequality for {T¢;}c;. On the other hand by Proposi-
tion 5.5, {T¢;} ;< is a C-controlled Bessel sequence. So {T#;}<; is a C-controlled
K-frame for R(T). O

Theorem 5.5. Let C € GL*(H), K € L(H) and {;}jcj be a C-controlled K-frame for
H with lower and upper bound A, B respectively. If T € L(H) is a isometry such that

R(T*K*) C R(K*T*) with R(TK) is orthogonally complemented and C, K, T commute
with each other. Then {T;}jc; is a C-controlled K-frame for H.

Proof. By Theorem 4.2, there exist some A > 0 such that ||T*K*C%f||2 < A||K*T*C%f||2.
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Suppose A is a lower bound for the C-controlled K-frame {;};c;. Since T is an

isometry, then

Rl = SiTecic s
< AR T*C3 £
= A|CIKT*f|]
< Y AT £, (Cy;, T*f)
j€l

=Y (f, TY;(TCy, f)

j€]
=Y {f, Ty {CTy;, f). (5.18)
j€]
Therefore from Proposition 5.5 and inequality (5.18), we conclude that {T¢;}c; is

a C-controlled K-frame for H with bounds % and B||T*|?. O

Now, we prove a perturbation result for C-controlled K-frame.

Theorem 5.6. Let F = {f;};c be a C-controlled K-frame for H , with controlled frame

operator Sc. Suppose K € L(H), KC = CK, R(Cz) C R(K*C2) with R((C2)*) is

orthogonally complemented . If G = {g;}icj is a non zero sequence in H, and E =

Tr — Tg be a compact operator, where Tg({c;}jcj) = Y_c;gj for {cj}jc) € (*(A), then
i€l

G = {gj}jej is a C-controlled K-frame for H.

Proof. Let {f;};cj be a C-controlled K-frame with bounds A and B, then because of

Theorem 5.1, we have

ACIK P < | U )(CH A < BIFIZ Y f € H.

j€]

This implies || T¢||2 < B||CZ ||
Let V = T — E be an operator from ¢?(.A) into H. Since Tr and E are bounded,
then the operator V is bounded. Therefore || V| = ||[V*||.
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Forany f € H,

Vif=Tif —E'f

i) yier = {4,
= fidkier =i =& /) Ye

= fiddjer = Ui f)7 = (8j: )" djeg

= Siddjer = UF fi) = (o8 bjes

= {{f8)}jes

We have
V({cj}jes) = ) _cjgj, and Sg = VV*. (5.19)

j€]

Now using (5.19), we have

1, CScfill = I{f, CVV*A) = |(CEVF,CiVf)|
Ic2v|?

1
Ic2 12V

1

IC2[I(Te — E)fI?
1

IC2 (I Te — EI*II1I?

IN

IN

< (ITel+ 20| TE N + IEIDIC3 P £11
< (BICT | +2vB|IC= | E + | EI?)IC2I I
= s(1c? 1+ ) ichipise 5.20)
This inequality shows that {g;};c; is a controlled Bessel sequence with bound
B+ L) et e
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Again we have

VV* = (Tp—E)(Tg — E)*
— (Tp — E)(T} — E¥)
— TyT} — TrE* — ET} + EE*
— Sp — TfE* — ET} + EE*.

Since E, Tr and Sr are compact operators, then Sp — TrE* — ET} + EE* is a compact
operator. Therefore Sy — TpE* — ET} + EE* + I is a bounded operator with closed
range. Thus, VV* = Sp — TrE* — ET; + EE* is a bounded operator with closed
range. Clearly, V and its adjoint operator V*f = {(f, &) } e are injective. This
implies VV* is injective as composition of two injective operator is injective. Hence

VV*(= S¢) is bounded below. So there exists some constant A > 0 such that

1 1
A|CEf|| < |IScC2 |- (5.21)
Now
ICIK |2 = ||K*CEf|?
% 1
< K PICEf?
1 N 1
< sl K IPlSsC £
This implies that
A? Sr*£112 3012
e ICK IP < lIScCHfIP (5.22)

Therefore from (5.20) and (5.22), we conclude that G = { g }]e 7 is a C-controlled

2
E
and B<HC 2 || + ”\/_”) ||C2H2 O

K-frame for ‘H with frame bounds || I? e
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5.3 Conclusions

In this chapter, we introduced the concept of controlled K-frame in Hilbert C*-
modules. We established the equivalent condition for a controlled K-frame as it is
much easier to work. We investigated some operator theoretic characterizations
of controlled K-frames and controlled Bessel sequences. We also established the
relationship between the K-frames and controlled K-frames. We studied the in-
variance of a C-controlled K-frame under a suitable map T. Finally, we proved a

perturbation result for controlled K-frame.
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CHAPTER 6

Conclusions and Future Work

In this thesis, we defined and studied regular k-distance set as well as regular
k-distance frame, in particular, regular k-distance tight frames in Hilbert space. We
introduced the definition of dual frames for a regular k-distance set. We require
the notion of a dual frame to reconstruct a vector from its frame coefficients. We
established Perturbation theorems for various notions of frames in Hilbert space
and in Hilbert C*-modules as they are essential and valuable tools to construct new
frames close to the given one. We studied and characterized the different frames in
Hilbert C*-modules from an operator theoretic point of view. We generalized the
notions of frame theory in Hilbert space into Hilbert C*-modules and showed that
the results share many beneficial properties with their corresponding notions in a
Hilbert space. We established an equivalent definition for the notions introduced
in Hilbert C*-modules. An equivalent definition is much easier to be applied, as
well as permits us to study the various types of frames from the operator theory
point of view.

From the analysis of the work presented in this thesis, there are several opportuni-

ties for future research, which are mentioned below:

1. The broad area of applications signifies a large prospective of problems for

the investigation.
2. One can study the dynamical properties of the frame.

3. One can study the perturbation result for a regular k-distance frame in Hilbert

space with lesser conditions.
4. Many portions of the area are still not explored by the community.
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